TWISTED ACTIONS AND REGULAR FELL BUNDLES 
OVER INVERSE SEMIGROUPS 



ALCIDES BUSS AND RUY EXEL 



Abstract. We introduce a new notion of twisted actions of inverse semigroups 
and show that they correspond bijectively to certain regular Fell bundles over 
inverse semigroups, yielding in this way a structure classification of such bun- 
dles. These include as special cases all the stable Fell bundles. 

Our definition of twisted actions properly generalizes a previous one intro- 
duced by Sieben and corresponds to Busby-Smith twisted actions in the group 
case. As an application we describe twisted etale groupoid C*-algebras in 
terms of crossed products by twisted actions of inverse semigroups and show 
that Sieben's twisted actions essentially correspond to twisted etale groupoids 
with topologically trivial twists. 
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1. Introduction 

In [7] the second named author introduced a method for constructing a Fell 
bundle (also called a C*-algebraic bundle ^01) over a group G, starting from a 
twisted partial action of G on a C*-algebra. The relevance of this construction is 
due to the fact that a very large number of Fell bundles, including all stable, second 
countable ones, arise from a twisted partial action of the base group on the unit 
fiber algebra Theorem 7.3]. It is the purpose of the present article to extend the 
above ideas in order to embrace Fell bundles over inverse semigroups. 

The notion of Fell bundles over inverse semigroups was introduced by Sieben 
[24] and further developed in |9j and |3j . Among its important occurrences one has 
that every twisted etale groupoid or, more generally, every Fell bundle over an etale 
groupoid (in the sense of Kumjian |13|) gives rise to a Fell bundle over the inverse 
semigroup of its open bisections (see 3, Example 2.11]). 

Given a Fell bundle A = {A s } s gS over an inverse semigroup S, one says that 
A is saturated if A s t coincides with the closed linear span of A s At for all s and t 
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in S. The requirement that a Fell bundle over an inverse semigroup be saturated 
is not as severe as in the case of groups because in the former situation one may 
apply the process of refinement (see Section[8j), transforming any Fell bundle into a 
saturated one (albeit over a different inverse semigroup). We will therefore mostly 
restrict our attention to saturated Fell bundles. 

Both in the case of groups and of inverse semigroups each fiber of a Fell bundle 
possesses the structure of a ternary ring of operators (see [25], [7| Section 4]), 
namely a mathematical structure isomorphic to a closed linear space of operators 
on a Hilbert space which is invariant under the ternary operation 

(x,y,z) i-» xy*z. 

Under special circumstances (see Definition 12.21 below or [71 Section 5]) a ternary 
ring of operators M admits a partial isometry u (acting on the Hilbert space where 
M is represented) such that M*u — M*M, and uM* = MM* , in which case we 
say that u is associated to M and that M is regular. 

Likewise, given a Fell bundle A = {A s } s es over an inverse semigroup 5, we say 
that A is regular if every A s is regular as a ternary ring of operators. Assuming 
this is the case, one may consequently choose a family of partial isometries {u s } s£ 5, 
where each u s is associated to A s - These give rise to two important families of 
objects, namely the automorphisms 

(1.1) P s : a E A s *s H> !i s O!l* £ A ss * , 

and the cocycle us = {oj(s, i)} s ,t£S> given by 

(1.2) u(s,t) = u s u t u* st . 

Although the partial isometries u s live outside our Fell bundle, the presence of 
the j3 s and of the u>(s,t) is felt at the level of the fibers over idempotent elements 
of S: this is obviously so with respect to /3 S , as its domain and range are fibers over 
idempotents, and one may show that oj(s, t) is nothing but a unitary multiplier of 
the fiber over the idempotent element st(st)* . 

The main point of departure for our research was the challenge of identifying a 
suitable set of properties satisfied by the j3 s and the ui(s,t) which, when taken as 
axioms referring to abstractly given collections {/3 s } sg s and {u>(s,t)} Sj t£S, could 
be used to construct a Fell bundle over S. The properties we decided to pick are 
to be found in Definition 14. II below, describing our notion of a twisted action of an 
inverse semigroup. 

Returning to the ft s and the u>(s, t) of ljl.l|) and (|1.2(1 . there is in fact a myriad of 
algebraic relations which can be proven for these, a sample of which is listed under 
Proposition 13.61 Having as our main goal to generalize the group case of 0, we 
were happy to welcome into our definition two of the main axioms adopted in the 
group case jTj Definition 2.1], namely properties (|rvj) and (jvjl of Proposition ^. 61 

However, choosing the appropriate replacement for [7| Definition 2.1.d], namely 

(1.3) u(t,e) = u(e,t) = 1, 

where e denotes the unit of the group, turned out to be a major difficulty. Nonethe- 
less this dilemma proved to be the gateway to interesting and profound phenomena 
relating, among other things, to topological aspects of twisted groupoids, as we 
hope to be able to convey below. 

Sieben 23 has considered a similar notion of twisted action, where he postulates 
ljl.3|l for every t and e in S, such that e is idempotent. Although this may be justified 
by the fact that the idempotents of S play a role similar to the unit in a group, it 
cannot be proved in the model situation where the ui(s,t) are given by Oil , so we 
decided not to adopt it. 
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After groping our way in the dark for quite some time (at one point we had an 
untold number of strange looking axioms) we settled for (jmj and IjrvJI in Defini- 
tion ^3 which the reader may still find a bit awkward but which precisely fulfills 
our expectations. 

Needless to say, regular Fell bundles over an inverse semigroup S are then shown 
to be in a one-to-one correspondence with twisted actions of S, as proven in Corol- 
lary hence providing the desired generalization of the main result of jTj- 

Sieben's condition (|1.3|l . although not satisfactory for our goals, is quite relevant 
in a number of ways. Among other things it implies our axioms and hence Sieben's 
definition |23| of twisted actions is a special case of ours (see Proposition 15. II) . 

As our main application we consider an important class of Fell bundles over 
inverse semigroups, obtained from twisted groupoids |121 Section 2], JTJ Section 4]. 
Given an etale groupoid Q equipped with a twist £, one may consider the associated 
complex line bundle L — (S x C)/T Example 5.5], which is a Fell bundle over 
Q in the sense of |13|. Therefore, applying the procedure outlined in [3] Example 
2.11] to (Q, L), we may form a Fell bundle {„4 S } S , over the inverse semigroup of all 
open bisections sC?. 

En passant, the class of such Fell bundles consists precisely of the semi-abelian 
ones, namely those having commutative fibers over idempotent semigroup elements 
Theorem 3.36]. 

Recall from ,3, Example 2.11] that for each bisection s C Q, A s is defined as 
the space of all continuous sections of L over s vanishing at infinity. Regularity 
being the key hypothesis of our main Theorem, one should ask whether or not _4 S 
is regular. The answer is affirmative when L is topologically trivial over s, because 
one may then choose a nonvanishing continuous section over s which turns out to 
be associated to A s - 

Restricting our Fell bundle to a subsemigroup consisting of small bisections, 
i.e. bisections where L is topologically trivial (recall that L is necessarily locally 
trivial), we get a regular one to which we may apply our main result, describing 
the bundle in question in terms of a twisted inverse semigroup action. 

As an immediate consequence (Theorem l7.2J) we prove that the twisted groupoid 
C*-algebra is isomorphic to the crossed product of Co(G^) by a twisted inverse 
semigroup action. This simultaneously generalizes |171 Theorem 3.3.1], 18, Theo- 
rem 8.1] and (8) Theorem 9.9]. 

Still speaking of Fell bundles arising from a twisted groupoid, we found a very 
nice characterization of Sieben's condition (Proposition [OJ: it holds if and only if 
the line bundle L is topologically trivial (although it needs not be trivial as a Fell 
bundle) . 

Our method sheds new light over the historic evolution of the notion of twisted 
groupoids. Indeed, recall that Renault |20j first viewed twisted groupoids as those 
equipped with continuous two-cocycles, although more recently the most widely 
accepted notion of a twist over a groupoid is that of a groupoid extension 

t x gw -^T,^g 

[121 Section 2] , Section 2] , Section 4] . While a two-cocycle is known to give 
rise to a groupoid extension, the converse is not true, the obstruction being that £ 
may be topologically nontrivial as a circle bundle over G [H Example 2.1]. 

Our point of view, based on inverse semigroups, may be seen as unifying the 
cocycle and the extension points of view, because the Fell bundle over the inverse 
semigroup of small bisections may always be described by a cocycle, namely the 
w(s,i) of our twisted action, even when the twist itself is topologically nontrivial 
and hence does not come from a 2-cocycle in Renault's sense. Nevertheless, when a 
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twisted etale groupoid does come from a 2-cocycle r in Renault's sense, then there 
is a close relationship between r and our cocycle ui (Proposition |^7| 

Most of our results are based on the regularity property of Fell bundles but 
in some cases we can do without it. The key idea behind this generalization is 
based on the notion of refinement (see Definition 18.1(1 . In topology it is often the 
case that assertions fail to hold globally, while holding locally. In many of these 
circumstances one may successfully proceed after restricting oneself to a covering 
of the space formed by small open sets where the assertion in question holds. The 
idea of Fell bundle refinement is the inverse semigroup equivalent of this procedure. 

Although the process of refining a Fell bundle changes everything, including the 
base inverse semigroup, the cross-sectional algebras are unchanged fTheorem l8.4(l . 
as one would expect. Moreover, if a semi-abelian Fell bundle A admits B as a 
refinement, then the underlying twisted groupoids {Qa, ^a) an d (Gb, ^b) obtained 
by |3j Section 3.2] are isomorphic fProposition 18 . 10l) . 

A ternary ring of operators is said to be locally regular if it generated by its 
regular ideals (Definition (2.8)). Likewise a Fell bundle over an inverse semigroup is 
said to be locally regular if its fibers are locally regular as ternary rings of operators. 

Our main reason for considering locally regular Fell bundles is that all semi- 
abelian ones possess this property (Proposition 12. 9|) . Furthermore, our motivation 
for studying the notion of refinement is that every locally regular bundle admits 
a saturated regular refinement (Proposition 18. 6|) . even if the original bundle is not 
saturated. Therefore the scope of our theory is extended to include all locally 
regular bundles. 

2. Regular ternary rings and imprimitivity bimodules 

In this section we shall study a special class of ternary rings and imprimitivity 
bimodules named regular. This notion, which is the basis for our future considera- 
tions, has been first introduced in [7] building on ideas from pp. 

Let H be a Hilbert space, and let C(TL) denote the space of all bounded linear 
operators on %. Recall that a ternary ring of operators is a closed subspace M C 
£(H) such that MM*M C M. It is a consequence that MM*M = M (see 
Corollary 4.10]), where MM*M means the closed linear span of {xy*z: x,y,z S 
M}. Moreover, it is easy to see that M*M and MM* (closed linear spans) are 
C*-subalgebras of C(Ti). We refer to |7| and [25] for more details on ternary rings. 

Lemma 2.1. Let M C C{T-L) be a ternary ring of operators and let u G £{T~t)- 

Consider the following properties: 

(a) M*u = M*M; 

(b) uM* = MM*; 

(c) uu*M = M; 

(d) Mu*u = M. 

Then 

(i) (jgj) and (JEJ) imply @; 
(ii) © and (JEJ) imply (IcH) : 
(Hi) (Q an d (jcjl imply JEJ; 
(iv) (|EJ| and (|3J imply (jcj). 

Proof. (i) uu* M = uM*M = MM*M = M. 

(ii) Mu*u = MM*u = MM*M = M. 

(hi) uM* = uM*MM* = uu*MM* = MM*. 

(iv) M*u = M*MM*u — M*Mu*u — M*M. □ 
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Definition 2.2. We say that a ternary ring of operators M C C(T-L) is regular if 
there is u € C{TL) satisfying the properties of the lemma above. In this case, 

we say that u is associated to M and write u ~ M . 

By [T| Proposition 5.3], the above definition is equivalent to Definition 5.1 in 7 . 

Example 2.3. Essentially, every regular ternary ring of operators M C £(%) has 
the following form (this will become clearer as we proceed): suppose B C £(H) 
is a C*-subalgebra and suppose that m is an element of C(TL) such that m*mB 
(closed linear span) is equal to B. Then it is easy to see that M := mB (closed 
linear span) is a regular ternary ring of operators. Note that M*M = B and that 
A := MM* = uBu* is a C*-subalgebra of C(TL) which is isomorphic to B (see also 
Corollary 12.61 below) . 

Proposition 2.4. Let M C C(H) be a ternary ring of operators. Suppose m G M 
is associated to M and let m = u\m\ be the polar decomposition of m. Then u is 
associated to M , m* and u* are associated to M* , \m\ and m*m are associated to 
E*E, and \m*\ and mm* are associated to MM*. 

Proof. Since mM*M = M, we get m*mM*M = m* M = M*M. Taking adjoints, 
we also get M*Mm*m — M*M. This means that m*m is associated to M*M. 
This implies, in particular, that m*m and hence also |m| = (m*m) ? are multipliers 
of the C*-algebra M*M. Thus 

\m\M*M C M*M = m*mM*M = \m\ 2 M* M = \m\\m\M* M C \m\M*M. 

This yields M*M\m\ = \m\M*M = M*M, so that \m\ is associated to M*M. 
Applying the involution to the properties @-J3J) of Lemma 12.11 it is easy to see 
that n € £{7-L) is associated to M if and only if n* is associated to M* . Thus m* is 
associated to M* , and hence by the argument above, mm* and |m*| are associated 
to MM*. It remains to see that u is associated to M. We have 

u* M = u*MM*M = u*mM*M = \m\M*M = M*M 

and (using that um* = \m*\) 

uM* = uM*MM* = um*MM* = \m*\MM* = MM* n 

Notice that if u ~ M, then 

MH = uM*MH C uH and M*H = u*MM*H C u*H. 

If both inclusions above are equalities, we say that u is strictly associated to M and 
write u~M. We can always assume that u is strict by replacing u by up, where 
p is the projection onto M*MH. In fact, upH = uM*MH — MH and up ~ M 
because 

upM* = upM*MM* = uM* = MM* and M*up = M*Mp = M*M. 

Given a C*-subalgebra A C C{H), we write 1^ for the unit of the multiplier C*-al- 
gebra M.{A) of A (which we also represent in C^H) is the usual way). 

Proposition 2.5. Let M C C(T~L) be a ternary ring of operators, and let u G £(H) 
&e a partial isometry associated to M . Then the following assertions are equivalent: 

(i) u is strictly associated to M; 

(ii) MH = uH or M*H = u*H; 

(Hi) u*u = 1m* M and uu* — 1m m»; 

(iv) u*u = 1 M 'M or uu* = 1mm* ■ 
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Proof. If uH = MH, then p = u*u is the projection onto 

u*uH = u*H = M*H = M*MH. 

Thus, px = x = xp for all x G M*M , so that p = 1m* m- Conversely, if u*u = 1m*m, 
then 

uH = uu*uH = u1 m *mH = uM*MH = MM*MH = MH. 

Similarly, u*H = MH if and only if uu* = 1mm* ■ Now if MH = uH, then 

u*H = u*uu*H = u*MM*H = M*MM*H = M*H. 

Similarly, if u*H — MH, then uH = MH. All these considerations imply the 
equivalences l©^ Jm|)^ EvJ). □ 

If m = u\m\ is the polar decomposition of an element m £ associated to 

a ternary ring of operators M C C("H), then m is strictly associated to M if and 
only u is strictly associated to M. In fact, this follows from the equalities 

uH — u\m\H = mH and u* H — u*\m*\H = m*H. 

As a consequence of propositions 12 .41 and 12 . 51 we get the following: 

Corollary 2.6. A ternary ring of operators M C C{T-L) is regular if and only if 
there is a partial isometry u G C(Ji) satisfying 

uM*M = M, MM*u = M, u*u = 1 m *m and uu* = 1 M m*- 

In particular, the map a <-y u*au is a * -isomorphism from MM* to M*M. 

Later, we shall need the following fact: 

Proposition 2.7. Let M C C(H) be a ternary ring of operators and let u € C(H) 
be strictly associated to M. Then u lies in the weak closure of M within C(7i). 

Proof. Let {ei]i be an approximate unit for the C*-algebra MM* . We claim that 
u = lime^u in the strong topology of C(T-L). In order to prove this let £ G H. Then 

i 

u£eun = MH = MM*MH c MM*U, 

so by Cohen's Factorization Theorem, we may write u£ = an, with a G MM* and 
7] G H.. Therefore 

limejit£ = lime^aTy = an — u£, 

i i 

thus proving our claim. It follows that u belongs to the weak closure of MM*u — 
MM*M — M. □ 

Let M be a ternary ring of operators. An ideal of M is a closed subspace ACM 
satisfying NM*M C N and MM*N C N . Alternatively, N is an ideal of M if 
and only if A is a sub-ternary ring of operators of M for which A* A is an ideal of 
M*M and A A* is an ideal of MM* . It is easy to see that our definition of ideals in 
ternary rings of operators is equivalent to Definition 6.1 in 7 . By Proposition 6.3 
in |3, if M is a regular ternary ring of operators, then so is any ideal A C M. 
Moreover, if u ~ M, then u ~ A. 

Definition 2.8. We say that a ternary ring of operators M is locally regular if it 
generated by regular ideals in the sense that there is a family {Mi}^] of ideals 
Mi C M such that each Mi is a regular ternary ring of operators and 

M = J2 M i- 

lEl 

Proposition 2.9. Let M C C(%) be a ternary ring of operators. If A := MM* 
and B := M* M are commutative C* -algebras, then M is locally regular. 
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Proof. Given m G M, we show that the ideal (to) C M generated by to, namely 
(to) := MM*mM*M (closed linear span) is regular. Since B = M*M is commu- 
tative, we have 

(to) = AmB = M(M*m)(M*M) = M(M*M)(M*m) = MM*m = Am. 

Similarly, since A = MM* is commutative, we have (to) = mB. Since m G (to), 
this implies that (to) is regular. □ 

Although we have chosen to work with ternary ring of operators concretely rep- 
resented in Hilbert spaces, there is an abstract approach free of representations. In 
fact, note that a ternary ring of operators M C C(H) may be viewed as an imprim- 
itivity Hilbert A, B-bimodule, where A = MM* and B = M*M and the Hilbert 
bimodule structure (left A-action, right S-action and inner products) is given by 
the operations in C(H). Conversely, any imprimitivity Hilbert A, B-bimodulc T 
is isomorphic to some ternary ring of operators M C C(H) (viewed as a bimod- 
ule). We refer the reader to [6] for more details on Hilbert modules. Given Hilbert 
B-modules T\ and J-2, we write K,{1F\, J^) an d £(.Fi, F2) for the spaces of compact 
and adjointable operators T\ — > J-2, respectively. 

The multiplier bimodule of J- is defined as Ai(J-) := C{B,!F). This is, indeed, 
a Hilbert Ai(A), A^(B)-bimodule with respect to the canonical structure (see |6j 
Section 1.5] for details). 

The notion of (local) regularity defined previously may be translated to the 
setting of Hilbert bimodules as follows. 

Definition 2.10. Let T be an imprimitivity Hilbert A, i?-bimodule. We say that 
T regular if there is a unitary multiplier u G M.{T), that is, an adjointable operator 
u; B — > T such that u*u = 1b and uu* = 1a (here we tacitly identify At (A) = 
C(T) = M.(JC(J-)) in the usual way). We say that T is locally regular if it is 
generated by regular sub- ^4, £?-bimodules, that is, if there is a family {J^jig/ of 
sub-^4, _B-bimodules J~i Q J~ such that each Ti is is regular as an imprimitivity 
Ai, .Bi-bimodule, where A; = span a {Fi \J~i) and Bi — span(J-i \Fi)b, and 

If a (locally) regular Hilbert bimodule is concretely represented as a ternary 
ring of operators on some Hilbert space, then this ternary ring of operators is also 
(locally) regular. Conversely, if a (locally) regular ternary ring of operators is viewed 
as a Hilbert bimodule, this Hilbert bimodule is (locally) regular. Of course, every 
result on (local) regularity of ternary rings of operators can be translated into an 
equivalent result on (local) regularity of imprimitivity bimodules. For instance, a 
Hilbert sub- A, £>-bimodule of a regular imprimitivity Hilbert A, B-bimodule T is 
again regular, and if A and B are commutative, then J- is locally regular. 

We end this section discussing some examples. Given a C*-algebra B, we may 
consider the trivial B, i?-imprimitivity bimodule T — B with the obvious structure. 
It is easy to see that it is regular. More generally, given C*-algebras A and B and 
an isomorphism 4>: A — > B, we may give T = B the structure of an imprimitivity 
Hilbert A, B-bimodule with the canonical structure: 

a ■ £ = <f>(a)b, (product in B) , a(£, | v) — 4>~ 1 {£, r l*) an£ l 
£ • b = £b and (£ | t])b = Cv (product and involution of B) 

for all a G A and £, 77, b G B. We write ^B for this A, B-bimodule. The associated 
multiplier M(A), A / /(-B)-bimodule is just M(F) = M(B), the multiplier algebra 
of B viewed as a M(A), A / i(i3)-bimodule using the (unique) strictly continuous 
extension 4>: M(A) -» M(B) of 0. In other words, M.(<f,B) =2 M(B). From this, 
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we see that ^B is regular. In fact, it is enough to take a unitary multiplier of B (for 
instance, one may take the unit 1b £ M(B)) and view it as a unitary multiplier of 
0B. Moreover, up to isomorphism, every regular A, B-bimodule has the form ^B 
for some isomorphism cj>: A —> B: 

Proposition 2.11. An imprimitivity A, B-bimodule J- is regular if and only if there 
is an isomorphism 4>: A — > B such that T B as A, B-bimodules. 

Proof. Let u be a unitary multiplier of T such that T — A ■ u — u ■ B . Then it 
easy to see that the map <f>: A — > B defined by 4>(a) — u*au is an isomorphism 
of C*-algebras. Moreover, the map b h- > ub from B to T induces an isomorphism 
tj,B — > T of A, B-bimodules. □ 

The above result says that the structure of a regular A, B-bimodule is, up to 
isomorphism, essentially trivial. Notice that the imprimitivity A, B-bimodule <j,B 
(induced from an isomorphism <f>: A — > B) is isomorphic to the trivial imprimitivity 
B, B-bimodule B =idB (induced from the identity map id: B — > B). More precisely, 
the identity map id : B — > B together with the coefficient homomorphisms (f> : A — > 
B and id: B — >• B defines an isomorphism ^idjd from the A, B-bimodule aBb —4> B 
to the B, B-bimodule ^B = bBb (see [6] Definition 1.16] for the precise meaning 
of homomorphisms between bimodules with possibly different coefficient algebras). 

From the above characterization of regular bimodules, we can also easily give 
examples of non-regular bimodules, simply taking any imprimitivity A, B-bimodule 
for which A and B are non-isomorphic C*-algebras. For instance, one can take a 
Hilbert space % and view it as an imprimitivity IC^H), C-bimodule. Then % is 
regular if and only if it is one-dimensional. 

There is one special case where regularity is always present: this is the case where 
the coefficient algebras are stable. Recall that a C*-algebra A is stable if A®K, = A, 
where K. = K,(l 2 N). If T is an imprimitivity Hilbert A, B-bimodule with A and B 
separable (or, more generally, er-unital) stable C*-algebras, then T is regular (this 
follows from ^ Theorem 3.4]). Hence, after stabilization (tensoring with /C), we 
can make any separable (or, more generally, countably generated) imprimitivity 
Hilbert bimodule into a regular one. 

Let us now consider the case where A = B = Cq(X) is a commutative C*-algebra, 
where X is some locally compact Hausdorff space. It is well-known that imprimi- 
tivity Co(X), Co(X)-bimodules correspond bijectively to (Hcrmitian) complex line 
bundles over X (see ^| Appendix A]): given a complex line bundle L over X, it 
can be endowed with an Hcrmitian structure, that is, there is a continuous family 
of inner products (• | -) x (which we assume to be linear on the second variable) 
on the fibers L x . Then the space Cq(L) of continuous sections of L vanishing at 
infinity has a canonical structure of an imprimitivity Cq(X), Co(X)-bimodule with 
the obvious actions of Cq(X) and the inner products: 

e Q (x){^\v)(x) = {r){x)\£(x)) x and (£|??} Co ( X) (x) = \r){x)) x . 

When is Co(L) regular? To answer this question, let us first observe that the 
associated multiplier Ch(X),Cb(X)-bimodu\e is (isomorphic to) Cb{L), the space of 
continuous bounded sections of L endowed with the canonical bimodule structure as 
above. Thus Cq(L) is regular if and only if there is a unitary element u £ UCh(L), 
that is, a continuous unitary section for L. In other words, we have proved the 
following: 

Proposition 2.12. The Hilbert Co(X),Cq(X) -bimodule Cq(L) described above is 
regular if and only if the line bundle L is topologically trivial. 

The above result illustrates again the already mentioned triviality restriction 
imposed by regularity. From this point of view, the study of regular bimodules 
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seems to be trivial. However, the theory becomes interesting when one studies 
bundles of such bimodules. In this work we are interested in regular Fell bundles 
(over inverse semigroups), meaning Fell bundles for which all the fibers are regular 
bimodules. Although each fiber is then isolatedly isomorphic to a trivial bimodulc, 
this isomorphism is not canonical, and the relation between these isomorphisms 
among different fibers is what makes the object interesting. 

On the other hand, local regularity is much more flexible. For instance, the 
bimodule Cq(L) is always locally regular. In fact, notice that we already know this 
from Proposition 12.91 but essentially this is a manifestation of the fact that L is 
locally trivial. It is also easy to give examples of non-locally trivial bimodules. It 
is enough to take an imprimitivity Hilbert A, _B-bimodule T for which A and B are 
non-isomorphic simple C*-algebras. In this case T is simple, that is, there is no 
Hilbert sub-A, B-bimodule of J 7 , except for the trivial ones {0} and T . Hence T is 
locally regular if and only if it is regular, and in this case A and B are isomorphic 
by Proposition 12 . 1 il As a simple example, consider any Hilbert space T-L and view 
it as an imprimitivity /C(H), C-bimodule. This is not locally trivial, unless TL is 
one-dimensional. 



3. Regular Fell bundles 

First, let us recall the definition of Fell bundles over inverse semigroups (a concept 
first introduced by Nandor Sieben in [24] and later used by the second author in [9]). 

Definition 3.1. Let S be an inverse semigroup. A Fell bundle over S is a collection 
A = {A s }ses of Banach spaces A s together with a multiplication ■: A x A — > A, 
an involution * : A — > A, and isometric linear maps jt,s '■ A s — > At whenever s < t, 
satisfying the following properties: 

(i) A s ■ At C A s t and the multiplication is bilinear from A s x At to A s t for all 

s,t G S; 

(ii) the multiplication is associative, that is, a ■ (b - c) = (a • b) ■ c for all a, b, c G A; 

(iii) ||a-6|| < ||a||||6|| for all a, b e A; 

(iv) „4* C A s * and the involution is conjugate linear from A s to A s * ; 

(v) (a*)* = a, ||a*|| = ||a|| and (a ■ b)* = b* ■ a*; 

(vi) \\a*a\\ = \\a\\ 2 and a*a is a positive element of the C*-algebra „4 S » S for all 
s G S and a G A s ; 

(vii) if r < s < t in S, then j\ r = j M o j s y, 

(viii) if s < t and u < v in S, then jt, s (a) • j v ,u(b) = jtv,su(a ■ b) for all a £ A s and 
b G A u . In other words, the following diagram commutes: 



As x A^j 

ii,»xj.,, 
A t x A v 



Asu 

Atv 



where (j, s<u and jj,t tV denote the multiplication maps, 
(ix) if s < t in S, then jt, s (a)* — jt*,s*(a*) for all a G A s , that is, the diagram 




commutes. 
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If A s ■ At spans a dense subspace of A s t for all s,t £ S, we say that A is 
saturated. 

Later, we shall need the following technical result: 

Lemma 3.2. Let S be an inverse semigroup and let A = {A s } s gS be o, collection 
of Banach spaces satisfying all the conditions of Definition \3.j\ excevt. possibly for 
axiom (|viii|) ■ Then the following assertions are equivalent: 

(a) axiom (Iviiil) of Definition \3. il holds (and hence A is a Fell bundle); 

(b) jt,s(a) ■ b = jtu,su(a ■ b) whenever s,t,u E S, s <t, a E A s and b G A u (that is, 
axiom (|viiil) holds for u = v); 

(c) Q ' Jv,u (b) — jsv.suia ■ b) whenever s,u,v G S , u < v, a G A s and b G A u (that 
is, axiom (|viii|) holds for s = t); 

Proof. Of course, jsj implies (JEJ and Q (note that j s , s is the identity map for all 
s G S). Applying the involution and using axioms @ and (Ex} of Definition 13.11 
it follows that (0 and Q are equivalent. Finally, suppose that (|bj) and (hence 
also) (jej) hold. This means that the diagrams 



As x Au 

jt.s xid 

At x A u 



jt U ,s 



A t x A u 

idxj„, 

At X Av 



Atu 

jtv.tu 
Aty 



commute for all s,t,u,v G S with s < t and u < v. Gluing these diagrams, we get 
the commutative diagram 



As x Au 

it, s xid 

At x A u 

At X A. 



' Asu 

Hu,sx 

■Atu 

Atv 



Since (id x j v>u ) o (j tja x id) = j M x j„ jU and j tv ,tu ° jtu.su = jtv.su (see axiom (|vn|) 
in Definition 13. this yields the desired commutativity of the diagram in Defini- 
tion 13. lHviiil) . □ 



We shall say that a Fell bundle A = {A s }s&s is concrete if all the Banach spaces 
A s are concretely represented as operators on some Hilbert space % in such a way 
that all the algebraic operations of A are realized by the operations in C(H) and, 
in addition, the inclusion maps A s c — > At for s < t become real inclusions A s Q At 
in C(H). In other words, A is a concrete Fell bundle in C(H) if A s Q £("H) for all 
s G S and the inclusion map A — > C(H) defines a representation of A (see Section[6] 
below and [9] for more details on representations of Fell bundles). Note that, in 
this case, each fiber A s C C(H) is a ternary ring of operators. 

Observe that every Fell bundle is isomorphic to some concrete Fell bundle. In 
fact, it is enough to take a faithful representation of C*(A) on some Hilbert space 
H and consider the universal representation tt u of A into C*(A) C £(H). By Corol- 
lary 8.9 in [9|, the components 7r": A s — > C(H) of tt u are injective. It follows that 
the collection {7r"(„4 s )} se s is a concrete Fell bundle in C(H) which is isomorphic 
to A. Thus there is no loss of generality in assuming that a Fell bundle is concrete. 
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Definition 3.3. Let S be an inverse semigroup, and let A = {„4 s } se s be a (con- 
crete) Fell bundle. We say that A is (locally) regular if each fiber A s C £(H) is 
(locally) regular as an imprimitivity Hubert I s , J s -bimodule (or, equivalently, as a 
ternary ring of operators if A is concrete), where I s — A S A* and J s = -A*.A S (closed 
linear spans). 

Remark 3.4. We shall work almost exclusively with saturated Fell bundles in this 
work. This is not a strong restriction since we are going to see later (see Propo- 
sition 18.6(1 that there is a way to replace A by another Fell bundle B (over a 
different inverse semigroup) such that B is saturated and A and B have isomor- 
phic cross-sectional C*-algebras. Note that for a saturated Fell bundle A, we have 
*A S *A S — Ass* and *A S *A S — As*s- 

Example 3.5. Consider the inverse semigroup S — {s, s* , s* s, ss* , 0} with five ele- 
ments, where s 2 — and is a zero for S. A Fell bundle A over S is essentially 
the same as a Hilbert bimodule. In fact, if J 7 is a Hilbert A,B-module, we define 
A s = J 7 , As* = T* (the Hilbert B, A-bimodule dual of T\ see |6j Example 1.6(3)] 
for the precise definition), A s * s — B, A ss » = A and Ao = {0}. Note that the only 
inequalities in the canonical order relation of S are < t for all t G S. Thus the 
inclusion maps are trivial: they do not play any important role. Conversely, if A 
is a Fell bundle over S, then T = A s is a Hilbert A, i?-bimodule in the natural 
way, where A — A ss * and B = A s * s - All the aspects of the Fell bundle A can be 
described in terms of the Hilbert bimodule T . For instance, A is saturated iff T is 
an imprimitivity Hilbert A, £?-bimodule and A is (locally) regular iff T is. 

Let A = {A s }sgS be a regular, saturated, concrete Fell bundle in C(H). Then 
each fiber A s becomes a regular ternary ring of operators in C{H), so that, for each 
s G S, we can choose a partial isometry u s £ £(%) which is strictly associated to 
A s - Moreover, if e G E(S) is idempotent, then we may choose u e to be the unit of 
Ai(A e ) (the multiplier algebra of A e C £{%)). We are going to denote the unit of 
M(A e ) by l e to simplify the notation. 

Let A := C*(A) be the (full) C*-algebra of A and let B be the C*-algebra C*(£), 
where £ = A\e is the restriction of A to the idempotent semilattice E — E{S) of 
S. We may assume that B C A C C(7i) (we could have taken H to be the Hilbert 
space of a faithful representation of A to start with) and that A s C A for all s G S. 
Note that A e is an ideal of B for all e G E. 

With the assumptions above, we define the ideals V s '■= A S A* S = Ass* in B, 
s G 5, and the maps 

p s : T> s * — > V s by j3 s (a) := « s ati* for all a G 2? s *. 

It is easy to see that (3 S is well-defined and, since M s it* is the unit of A4(V S * ), /3 S is a 
"-isomorphism. Given s, t G 5, we also define to(s,t) := u s Utu* t G C(H). Note that 
u)(s,t) G UM{V s t) (the set of unitary multipliers). In fact, by Proposition 6.5] 
w(s,i) is a unitary multiplier of 

A, At A% AZ =Astt*s* =V st . 

Proposition 3.6. With the notations above, the following properties hold for all 
r, s, t G S and e, / G E(S): 

(i) the linear span o/U ee £X> e is dense in B; 
( ii) j3 e : T> e — > D e is i/ie identity map; 
(Hi) p r (v r , nv s ) =V rs ; 
(iv) l3 r o/3 s = Ad^s) o /3 rs ; 

(■y) /3 r (xuj(s, t))u(r, st) = /3 r (x)u(r, s)w(rs, t) whenever x G T> r * nT> s t; 
(vi) oj(e, f) = l e f and U)(r, r*r) = uj(rr* , r) = l rr * ; 
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(vii) ui(s* , e)ui{s*e, s)x — u)(s*, s)x for all x G T> s * es ; 

(viii) (j(t* , s) = u)(t* , ss*)lj(s* , s) whenever s < t; 

(ix) u)(t,r*r) = bj(t,s*s)u)(s,r*r) whenever r < s < t. 

Proof. Property (jj is clear because V e — A e for all e G E. Since u e — l e for all 
ee£, ijujl is also clear. To prove {m}, note that 

/3 r (V* n V s ) = u r V r *V s u* = u r V r *V s V r *u* 

U r Ar* rAss* Ar* r^r — ^r^ss* — Arss*r* — ^rs- 

Note that l e l/ = l e /, so that 

uj(e,f) = U e UfU* f = l e l/l*/ = l e /- 
This together with the following calculation proves ljvT|) : 

uj(r,r*r) = u r u r * r u rr , r — u r l r * r u* = u r u* = l rr * 

To prove O, first note that the domains of /3 r o /3 S and /3 rs coincide. In fact, by 
definition, dom(/3 rs ) = £>( rs )» = ^l s * r * rs and, on the other hand, 

dom(/3 r o/3 s ) = {x e X> s . : ft (a:) eP s nD r .} = £7 1 (2> s n £>,-*)• 
Now observe that 

/3 S _1 (X> S nx> r .) = p- x {V s V r ,) = U* s A ss *Ar* r U s = A s »Ar* r U s 

As* Ass* Ar*r^s — As* Ar*rAss*^s — As*r*rAs As* r* rs ^(rs)* ' 

Thus dom(/3 r o /3 S ) — dom(/3 rs ) = dom(Ad ti; ( I , iS ) o /3 rs ) = V^ rs y. Moreover, since 
uj(r, s)u rs = u r u s , for all x G £>( rs )* we get 

[3 r (p s (x)) = u r (u s xu* s )u* = w(r, s)u rs xu* s uj(r, s)* = u(r, s)f3 rs (x)uj(r, s)* . 

Item (Jvjl is equivalent to the equality 

(3.7) U r XU s UtU* t U*U r UstU* st = U r XU*U r UsU* s U rs UtU* st . 

The left hand side of this equation equals u r xu s UtU* t \ r * r Ustu* st . Since re < r, 
where e = (st)(st)*, we have 

U r XU s U t U* t G U r V r *VstM{T>st) = ArVst = Are C A r . 

Thus 

U r XUsU t U* t l r * r UstU* st = U r XUsU t U* t U s tU* st = U r XU s U t l(st)* (st)Kst 

Now note that 

xu s u t e V st UsUt = A^A* A*w s wt = AtA*s* s K f c .A st .4 t »u t = .4 s tA*t = A s t- 

Therefore, the left hand side of Equation (|3.7() equals 

U r XUsU t l { st)*{st)U* r st = U r XU s U t U* st . 

Similarly, the right hand side of Equation 13 .7|) equals 

U r XU*U r U s l(rs)*(rs)UtU*st = U r XU*U r U s UtU* st 

= U r x\ r * r U s U t U* st = U r XU s UtU* st . 

In order to prove (|viif> . take s G S, e G -E(S) and a; G XV es- Note that 

1l s X G 1l s T^s*es — UsAs* es — n s As*Aes — Ass* Aes — Aes AeAs 
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SO that 1 Therefore 

oj(s*, e)w(s*e, s)x = u s *u e u*, e u s , e u s u*, es x = u s * \ e \ ess ,u s l s . es x 

— u s * l e l ss *u s x — u s * l e u s x = u s -u s x = u s *u s l a * s x = uj(s* , s)x. 
To prove Hviii|l . suppose s <t. Then t*s — s*s and t*ss* = s*ss* — s* , so that 

Uj(t*,SS*)uj(s*,s) = U t *U ss *Ut, ss ,U s *U s U* s , s = !lf.l ss .U*,U s .U s l s . s = 

U t *l ss *l ss *U s l s * s = M t «U s = u t .u s l* s , s = u t *u s u* s , s = u t *u s u* t , s = w(t*,s). 

Finally, to prove (|ixj> . assume that r < s < t. Note that u>(t,s*s) — u t u s * s iit s , s — 
Ufl s * s ul — Utu* and l s * s u* = l s * s l r * r u* — l r » r ii* = u r . Therefore 

oj{t, s s)uj(s, r r) — Utu s u s u r = Utl 8 ' S u r = UtU r = ui(t, r r). □ 

4. Twisted actions 

In this section, we give a relatively simple definition of inverse semigroup twisted 
action generalizing Busby-Smith twisted actions [2] and closely related to twisted 
partial actions of [7] for (discrete) groups. It also generalizes the twisted actions in 
the sense of Sieben |23; for (unital) inverse semigroups. We then extend the main 
result in [7j proving that our twisted actions give rise to regular, saturated Fell 
bundles yielding in this way a structure classification of such bundles. 

Definition 4.1. A twisted action of an inverse semigroup S on a C*-algebra B 
is a triple ({V s } s£ s, {f3 s }ses, W(s, t)} s ^es) consisting of a family of (closed, two- 
sided) ideals T> s of B whose linear span is dense in B, a family of * -isomorphisms 
fi s : Z? s . — > V Sl and a family {oj(s, t)} s jes of unitary multipliers uj(s, t) e UM(V s t) 
satisfying properties l(iv|) - (|vii|) of Proposition 13.61 that is, for all r, s,t G S and 
e,feE = E(S) we have: 

(i) f3 r °Ps =Ad w(r)S ) o/3 rs ; 

(ii) /3 r (xui(s, i))w(r, st) = f3 r (x)uj(r, s)uj(rs,t) whenever x £ T> r * nT> st ] 

(iii) w(e, /) = l e f and w(r, r*r) = uj(rr* ,r) = l r , where l r is the unit of M.(V r ); 

(iv) uj(s*, e)uj(s*e, s)x — u>(s*, s)x for all x £ T> s * es . 

We sometimes write (/3, uj) to refer to a twisted action, implicitly assuming that /3 
is a family of ""-isomorphisms {f3 s } S £s between ideals T> s * — dom(/3 s ) and T> s = 
ran(/3 s ), and uj is a family {w(s, t)} Sj tes of unitary multipliers w(s,i) G lAM.{T> s t). 

Remark 4.2. If S has a unit 1, then the condition in the above definition that the 
closed linear span of the ideals T> e for e G E(S) is equal to B is equivalent to 
the requirement T>\ — B because e < 1 so that V e C D x for all e G E(S) (see 
Lemma r4.6lHv|) below). 

For a discrete group G, the only idempotent is the unit element 1 G G. In this 
case, axiom fm|) in the above definition is equivalent to the condition oj(1,s) = 
oj(s, 1) = l s for all ,s G G. Moreover, it is easy to see that this implies axiom ijlvjl. 
Hence, in the group case, our definition of twisted action is the same studied by 
Busby and Smith in [2] (see also ^6]). It can also be seem as a special case of 
the twisted partial actions defined by the second named author in |7], where the 
condition f3 r (T> r -i C\V S ) = V r DT> rs (axiom (b) in |71 Definition 2.1]) is replaced 
by (3 r (V r -i fl T> s ) = T> rs (see Lemma r4.6ljm|) below). 

Remark 4.3. In | 23| . Nandor Sieben has considered a similar definition of twisted 
action (for unital inverse semigroups) in which the axiom 

(4.4) w(s,i) = l sf whenever s or t is an idempotent 

is included, but we will see later (Section |5j) that this is too strong in general, that 
is, it can not be derived from the axioms in Definition 14. II and that our definition 
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really generalizes Sieben's one. In some sense, the axioms ijuil) and Ijlvjl appearing 
in Definition 14 . 1 1 are designed to replace (|4.4|) in a compatible way. 

Let us say some words about axiom (lrv|) in Dcfinition l4.ll First, note that it can 
be rewritten as 

ui(s*, e)w(s*e, s) = 1Z s * es (u(s*, s)), 

where lZ s * es : A4(T> S * S ) — > M(U s + es ) is the restriction homomorphism. Observe 
that T> s * es is an ideal of T> s * s because s*es < s*s (see Lemma I4.6l(iv|) below). It 
is not clear for us, whether axiom (|Tvjl is a consequence of the others. The closest 
property we were able to prove is the following equality very similar to (fTvfl : 

(4.5) w(e, s*)w(es*, s)x — u;(s*, s)x for all e £ E(S), s£S and x £ T> es * s . 

To prove this, we only need axioms $r$, (Jm]) and the fact that j3 e is the identity on 
V e (see Lemma l4~6l|TTj) "1 . In fact, note that w(e, s*)oj(es*, s)x and uj(s*,s)x belong 
to V es * s — Vf-Vg-s C T> e (see Lemma f4. 61 below 1 ) . Moreover, if y £ T> es * s , then 

yw(s*,s)a; = /3 e (yuj(s*, s))l es » s x = ft(yw(s*,s))w(e,s*s)3; 

= p e (y)u(e, s*))uj(es*, s)x = yu{e, s*))oj(es* , s)x. 

Since y was arbitrary, this implies (|4.5|) . As we have seen in Proposition l3.6l all the 
axioms in Definition 14. II fand many others) are satisfied in case the cocycles uj(s,t) 
come from partial isometries u s associated to a regular, saturated Fell bundle as 
in Section [3] Later, we are going to see (Proposition |OJ that both axioms ljiii|) 
and (jTvjl are automatically satisfied in the presence of JIJ, (JnJ and, in addition, 
Sieben's condition (|4.4|) . 

The following result gives some consequences of the axioms of twisted action 
(compare with Proposition 13. 6(1 . 

Lemma 4.6. // ({T> s } se s, {AlseSi { w ( s ; t)}s,tes) * s fl twisted action of S on B, 
then the following properties hold for all r, s,t £ S and e, / £ E(S): 

(i) V S =V SS *; 

(ii) j3 e : T> e — > T> e is the identity map; 
(Hi) l3 r (V r *nV s ) = V rs ; 

(iv) T> r CT> S if r < s; 

(v) T> r T> s = T> rr * s = T> ss * r and T> rs = T> rss * . In particular, T> e T>f = T> e f, 

(vi) /3 S * = Ad w(s . !;5) o /3- 1 ; 

(vii) Pt\T> s — ^Lj(t,s's) ° fts whenever s < t; 

(viii) Ps(uj(s* , s)) = w(s, s*). Here we have implicitly extended f3 s : T> s * — > T> s to 
the multiplier algebras (3 S : Ai(T> s *) — > A4(T> S ); 

(ix) f3 r (xoj(s, t)*)uj(r, s) — j3 r (x)to(r 1 st)uj(rs, t)* for all x £ T> r * n T> st ; 
(x) uj(s, e) = lu(s, s*se) and w(e, s) = uj(ess*, s); 

(xi) w(r, e) = l rr » whenever e > r*r, and w(/, s) — \ ss * whenever f > ss* ; 

(xii) uj(t* , s) = uj(t* , ss*)uj(s* , s) whenever s<t; 

(xiii) ui(t,r*r)x ~ uj(t, s*s)ui(s,r*r)x whenever r < s <t and x £ T> r . 

Proof. Note that V s — dom (/3 S o — dom (Ad w ( s s ») o /3 SS *) = T> ss *, which 
proves 01. To prove JnJ, observe that /3 e o/3 e = Ad w ( ee ) o (3 e = f3 e because w(e, e) = 
l e . Since fi e : T> e — >• 2? e is an automorphism, it must be the identity map. To 
check fm|) . notice that 

(i r {V r , n V s ) = ran(/3 r o j3 s ) = ran(Ad w(r)S ) o /3 rs ) = V rs . 

To prove (O, first observe that sr*r = r because r < s. Using (the just checked) 
property (jiii|) . we get 

V r = V sr , r = ft(D s .ni» r , r ) C p s {V s ,) = V s . 
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To prove 10) we use that /3 rr * is the identity on T> rr * , and also JJJ) and ifTTTjl to get 

Since T) r T> s — T> r D T> s — T> s T> t (this holds for ideals of a C*-algebra), we also 
have T> r T> s = T> ss * r . And by JIJ, we have T> rss * — T> rss * ss * r * = T> rss * r * = T> rs . To 
prove (|viiifl ■ we use axioms JTTJ) and (fTTTf) in Definition 14. II to get 

0,(u(8*,a)) = 0,(w(8*,a))l, = ft(w(«*, s))w(s, s*s) 

— w(s, s*)uj(ss* , s) = w(s, s*)l s = w(s, s*). 

Property (|Tx|l is a consequence of JuJ) in Definition 14.11 In fact, applying Defini- 
tion ^3EJ with xu>(s,t)* in place of x, we get 

f3 r (x)ui(r, st) = /3 r (xuj(s,t)*)ui(r, s)uj(rs,t). 

Multiplying this last equation by w(rs, t)* on the right one arrives at ijixl) . In order 
to check (jxj, take y G X> s * se and define a; := /3 s (y) G T^ses* (note that every element 
of T> ses * has this form for some y G £> s * se ). Note that w(s,s*se) and cj(s,e) are 
unitary multipliers of T> se — T> ses » . Using axioms ||TTJ) and (|TTT|l in Dcfinition l4.il we 
get 

xu)(s, s*se) = f3 s (y)uj(s, s*se) = P s (yl s . se )ui(s, s*se) 

= P s {yui(s* s, e))w(s, s* se) = f3 s (y)uj(s, s* s)w(ss* s, e) = xl ss *w(s, e) = xlu(s, e). 

Since a; is an arbitrary element of T> ses * , we must have w(s,s*se) = w(s,e). Sim- 
ilarly, we can check the second part of (jxj): note that w(e, s) and w(ess*,s) are 
multipliers of T> es = T> ess - . Take an arbitrary element x G T> ess * = T> e D X> ss * • 
Then, using again (O and (fTTTf) in Dcfinition l4.1l and that j3 e is the identity map on 
£> e , we get 

xw(e, s) = p e (xl ss *)u(e, s) = (3 e (xuj(ss* , s))w(e, s) 

= j3 e {x)ui(e, ss*)ui(ess* , s) = a;l ess . w(ess*, s) = xo;(ess*, s). 

Therefore w(e,s) = io(ess* , s). To prove (|xTj) . take r G S* and e G -E(5*) with 
e > r*r. Then, by Definition 14. lljuijl and the property just checked, we have 
uj(r, e) = w(r, r*re) = ui(r,r*r) = l r = l rr *. The second part of (|xTI) is proved 
similarly. In order to prove l|xii|) . assume that s < t and take i£D s C P t . Note 
that j/ := f3t*(x) G P s * = £> s *s and every element of 2? s » s has this form. Observe 
that uj(t* , s), w(t*, ss*) and w(s*, s) are unitary multipliers of T> t * s — T> s * s and by 
axioms (|TTJ) and (fTTTf) . we have 

yw(t*,s) = /3 t *(xl ss *)u(t*,s) = /3 t *(xuj(ss*,s))uj(t*,s) 

= /3 t *(x)u>(t* , ss*)u>(s*, s) = yto(t* , ss*)uj(s* , s). 

Thus uj(t*,s) = uj{t* , ss*)uj(s* , s). Finally, to prove (|xiiif) . assume that r < s <t 
and i £ D r = T> rr *. Observe that uj{t 1 r*r)x and ui{t, s*s)oj(s, r*r)x are elements 
of T> r every element of T> r has the form z — /3 t (y) for some y G T> r * = D r * r . By 
axioms (fuj) and (ITTTf) in Definition 14.11 we have 

zui(t, r*r)x = /3t(yl r * r )oj(i, r*r)x = f3 t (yuj(s* s, r*r))uj(t, r*r)x 

= /3t(y)uj(t, s*s)uj(ts*s, r*r)x — zu>(t, s*s)uj(s, r*r)x. 
Therefore w(i, r*r)x = u{t, s* s)uj{s 1 r*r)x as desired. □ 

Given a twisted action ^{V s } se si {Ps}ses, t)}s,t£s) , we would like to define 
a Fell bundle B over S as follows: 

(4.7) B := {(6, s) eB x S:be V s } 
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Writing bS s for (b, s) G B, we define the operations: 

(4.8) (b s S s ) ■ (b t 5 t ) := f3 s (f3; 1 (b s )b t )uj( s ,t)d st 
and 

(4.9) (b s S s )* := J 8,- 1 (6:)w(«*, 

for all 6 S € 2? s and fe t G V t . The product (|4.8|1 is well-defined because b s £ T> s — 
dom(/?7 1 ) and hence (3~ 1 (b s )b t G T> s ,V t C D s « = dom(/3 s ). Moreover, axiom 10) of 
Definition 14. II shows that 

ftO^^&t) g p a (v a .v t ) = p s {v s , n D t ) - p st . 

Since w(s,t) G A4(2? st ), we get f3 s (f3~ 1 (b s )bt)uj(s,t) G I> S f. It is easy to see that 
the involution 1)4. 9|l is also well-defined. Moreover, by Lemma l4.6l|vTjl . /3~ (a) = 

uj(s*, s)*(3 s * (a)u](s*, s), so that 

(4.10) (aS.y =j3- 1 (a*)cj(s*,s)*5 s , = u(s*,s)*l3 s *(a*)5 s ,. 

Observe that the formulas (|4.8|l and (|4.9|) are exactly the same ones appearing in 
[?1 Section 2] for a Fell bundle defined from a twisted partial action of a group. 

The main difficulty is to define the inclusion maps jt >s : B s Bt whenever 
s < t. One first obvious choice would be jt, s {b s o~s) = b s St, but this does not 
work in general although it would work if we had Sieben's condition l|4.4(l . The 
problem is to prove that the inclusion maps jt jS are compatible with the operations 
above. To motivate the correct definition, let us temporarily assume that the 
twisted action comes from partial isometries u s associated to a regular, saturated, 
concrete Fell bundle A = {A S } S £S in £(H) as m Section |3| In this case, if s < t 
in S, then A s C At C C(H). And by regularity, A s — V s u s and At — T> t u t . 
So, any element x G A s can be written in two ways: x = au s = bu t for some 
a G £> s and b G T> t . The relation between a and b is b = au s u^. Now note that 
u s u1 — u s u s * s u* t — (u t u s * s u^ s , s )* — u>(t,s*s)*, so that b = acu(t, s*s)* . Thus the 
inclusion A s C .At determines a map 2? s — > 2?t by the rule a <-> au)(t, s*s)* . Hence, 
it is natural to define 

(4.11) jt, s :B s ^B t by j t ,,(a5 s ) := au(t, s*s)*S t . 

Note that u(t,s*s) G jM(X» ts . s ) = M{V S ) and hence aw(i,s*s) G V s C D t by 
Lemma f4.6l|iv)) . so that jt )S is well-defined. 

Theorem 4.12. 77ie bundle B defined by Equation (|4.7|l zw'i/i £/ie obvious projection 
B —» S , with the linear and norm structure on each fiber B s inherited from T> s , with 
the algebraic operations l|4.8(l and (|4.9|) . and the inclusion maps (|4.11|l is a saturated, 
regular Fell bundle over S . 

Proof. Of course, the multiplication i|4.8(l is a bilinear map from A s x At to A s t and 
the involution l|4.9|l is a conjugate-linear map from A s to A s * for all s,t G 5. The 
associativity of the multiplication is proved in the same way as in 7 Proposition 2.4] 
(see also the proof of Proposition 3.1 in [23j; it is also possible to use the idea 
appearing in |5| Theorem 2.4] where no approximate unit is needed). Moreover, it 
is easy to see that ||(a<5 s ) • {bS t )\\ < ||a5 s ||||65{|| for all s,t G S, a G V s and b G V t . 
All this together gives us the axioms Ipjl. fnjl. (ITTT1) and (|ivj in Definition 13. II 

Let us check that ((aS s )*)* — aS s for all s G S and a G £> s . By Equation 1)4.10(1 . 
we have 

(K)T = (&-VMsV)*M* =^(s,s*)*/3 s (u;( S *, S )^- 1 (a))5 s 
= ui(s, s*)*/3 s (a;(s*, s))a(5 s = w(s, s*)*uj(s, s*)a5 s = a<5 s . 
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Next, we prove that the involution on B is anti-multiplicative, that is, we show that 
((aS a ) ■ (bdt))* = (bS t )* ■ (a5 s )* for all a £ V s and b £ V t . We have 

((a5 s ) • (bS t ))* = (!3 s (fc\a)b)u}(s,t)5 st )* 

= ^- t 1 (uj(s,t)y s (b*^ l (a*)))u 1 (t*s*,sty5 t , s , 
Let x := b*Pj l (a*) £V t n T> s ., so that ft -1 ^) £ V t , n T> t *s* and hence 

&(*) = ft (ft (ft" 1 (s))) =w{s,t)p st {fc\x))w{s,t)*. 
Thus, the above equals 

... = f3- t \p st {fc\x))u{s,t)*)u{t*s*,st)*5 t . s . 

= Lu{t* s *,styf3 t , s »(f3 st {fc 1 (x))Lo{ s ,ty)5 t * s * = ... 
which by Lemma l4.6ljix|l is equal to 

. . . = u(t*s*, styes' (/3 st (Pr 1 {x)))u(t*s*,st)u(t*s*s, t)*w(****, 
= /37 ( 1 (/3 st (/3 t - 1 (^)))^rs* s ,t)* w (r s *, s )*^ s . 
= /3 i T 1 (a;)w(t*s*s,t)*w(t*s*, s)*<5rs* 
= ft" 1 (&*/8,-V)MtV«, t)M** «*, a)*<W ■ 

On the other hand, 
(bS t y ■ (aS s y = (^(ftX**, <)***.) ■ (#-VM«V)**.') 

= ft, (ft^^^iX^tj'l^taX^sjj^f,/)^, 

= ft. (ft" 1 (w(tV)*&. (6*))ft- 1 (a*)u;( S * ) «)*)w(f* , »*)W = • • • 

Let (ttj) be an approximate unit for T> t and define y := ft. (&*) G 2? t » and z := 
ft- 1 (a*V(s*,s)* <= P a .. Then 

. . . = ft- (ft" 1 ( W (f, s*)<W 

= Urn ft. (ft" 1 ^* , tyy)u tZ y{t*, s*)5 t * s . 

i 

= limw(f,t)*ft.(6*«i«)a;(f, «*)5t... 
= w(**,t)*A.(6**)w(**,«*)«t... 
= «(**,t)*A. (6*ft-V )w(a*, «)•)"(**» 0<W = ■ ■ • 
Using Lemma l4.6l|rx|l again, the above equals 

. . . = u(t*,t)*j3 t * (b* fig 1 (a*))uj(t* , s* s)uj(t* s* , s)*uj(t* , s*)*uj(t* , s*)S t > s * 
= Pt 1 (b*p- 1 (a*))w(t*,tyiv(t*,s*s)u(t*s*,syS t , s .. 

We conclude that ((aS s ) ■ (bS t ))* = (bS t )* ■ (aS s )* if and only if 

cuj(t*s*s,t)*uj(t*s*,sy = cu(f,t)*u;(f,s*s)u)(fs*,s)*, 

where c := ft- 1 (6*ft7 1 (a*)) £ T> t * s *. Multiplying the above equation on the right 
by Ld(t*s*,s) £ UM(T>t* s ») and taking adjoints, we see that it is equivalent to 

W(l , S S)U](t S S,t)C = UJ[t ,t)c . 

And this last equation is a consequence of axiom JIvJ in Definition 14.11 Therefore 
the involution on B is anti-multiplicative. It is easy to see that the involution is 
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isometric, that is, ||(a£ s )*|| = \\aS s \\ for all a £ T> s . Thus, we have checked axiom (j^) 
in Definition 13. II 

To prove axiom ijvTI) in Definition 13. II take s £ S and a £ D s . Then 

(aS s )* ■ (aS s ) = (uj(s*,s)*l3 s .(a*)6 s *) ■ (aS s ) 

= P s . (ui(s* , s)* p s * (a*))ajuj(s* , s)5 s * s 

= 0„. (p-}(Lj(s*,s)*)a*a)oj{s*,s)5 s * s 
= u(s*,s)*P s * (a*a)u(s*,s)8 s * s . 

Now note that w(s*, s)*/3 s * (a*a)w(s*, s) is a positive element of T> s * s and its norm 
equals \\a*a\\ = ||a|| 2 . 

In order to prove axiom (|viifl in Definition 13.11 take r,s,t £ S with r < s < t 
and let x £ T> r . Then we have 

(Jt,s °j S: r){aS r ) = jt, s {js : r{aS r )) = jt, s (auj{s,r*r)*S s ) 
= au)(s, r*r)*w(r, s*s)*St 
= (ui(r,s*s)ui(s,r*r)a*)*5t — auj(t 1 r*r)*5t, 

where in the last equation we have used Lemma |4.6l|xiii|) . Next, let us check that 
jt, s (aS s )* = jp,s* ((ads)*) for all a £V S and s <t in S. We have 

(4.13) j Stt (aS s )* = (au(t,a*a)*StY 

= w(t*,*)*A' s*s)a*)<5 t . = u(t*,8)*Pt. (a*)5 t * , 
where the last equation follows from the identity 

(4.14) p t .(a)u>(t*,s) =p t *(au(t,s*sy)ij(t*,t) 

which in turn is a consequence of axiom JuJ) in Definition 14.11 In fact, by Defini- 
tion ^3EUi we have 

Pt*(cu*i(t,s*s))u)(t*,s) = fit* (a)uj(t* ,t)u)(t*t, s* s) = fi t * (a)u)(t*, t)l s * s . 

By Lemma l4~6flvu|l . (3f(a) £ V s * s so that /3 t *(a)u](t* ,t)l s * s = /3 t . (a)ui(t* ,t). Re- 
placing a by aui(t, s*s)* , this yields (|4.14|) and hence also (|4.13|) . On the other hand, 
using again Equation (|4.10|) and Lemma 14 . 6Hvii() . 

it*,*- ((aS s )*) = jt;.* (u(s*,s)*f3 s * (a*)6 s *) 

= cj( S *, S y/3 s ,{a*)u;(t*, S s*yS t , 

= w(8*,s)*u(t*,as*)*p t *(a*)u)(t*,88*)u(t*,a8*)*6 t . 

= u}(s* ) ayu(t*,ss*yp t .{a*)5 t «. 

Comparing this last equation with l|4.13() . we see that they are equal by Lemma [4.6l|xiil 
This proves axiom JrxJ in Definition 13. II 

To prove the missing axiom l|viii|) in Definition 13.11 we shall use Lemma 13.21 
proving that aS s ■ j VtU (bS u ) = j S v,su(a6 s ■ bS u ) for all a,v,u £ S with u < v, a £ V s 
and b £ T> u . Defining c — (3~ 1 (a)b £ T> s * n T> u and using Lemma r4.6lpx|) . we get 

aS s ■ j v ,u{bS lt ) = (ad s ) • (bu(v, u*u)*S v ) 

= /3 s (f3~ 1 (a)bLj(v,u*uy)u{s 1 v)5 sv 
= P„(cu(v,u*u)*)u(s,v)6 sv 
= l3 s (c)oj(s,vu*u)uj(sv,u*uyS sv 
= /3 s (c)uj(s,u)uj(sv,u*uyS SVl 
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where in the last equation we have used that u < v so that vu*u = u. On the other 
hand, 

jsv,su(Q'3s ' bS u ) = jsv,su (Psifis 1 (a)b)uj(s,u)5 su ) 
= /3 s (c)uj(s,u)u!(sv,u*s*su)*5 sv 

Thus, to see that aS s ■ j v . u (bd u ) — j S v,su(aS s ■ bS u ), it is enough to check the equal- 
ity uj(sv,u*u) — uj(sv,u* s* su). Since u < v, we have v*s*svu*u = v*s*su — 
v*s*suu*u = v*uu*s*su — u*s*su. Using Lemma l4.6ljx1l . we conclude that 

uj(sv, u*u) = u>(sv, v*s*svu*u) — lu(sv, u*s*su). 

Therefore B is a Fell bundle over S. Note that B is saturated because the element 
p s (/3~ 1 (a)b)uj(s, t) appearing in the product 

{a8 s )-{b5 t )=p s {fc 1 {a)b)u{s,t)5 st 

is an arbitrary element of T> st . In fact, /S" 1 ^)^ for a G T> s and 6 e P t defines an 
arbitrary element of T> s * n V t , and by Lemma l4.6ljiii|l . P S (V S * iTDt) = T> st . The 
conclusion follows because ui(s, t) is a unitary multiplier of T> st . Finally, we leave the 
reader to check that B is regular with respect to the unitary multipliers v s G A4(B S ) 
defined by 

(4.15) v s ■ (a5 s . s ) := j3 s (a)8 s for all a G T> s * s . 

Here M(B S ) = £(B S * S , B s ) denotes the multiplier of B s considered as an imprimitiv- 
ity Hilbert B ss * , S s * s -bimodule. Observe that, formally, we have v s = S s = 1 SS *5 S . 
Recall that l e denotes the unit of the multiplier algebra of T> e . □ 

Summarizing our results, we have shown that there is a correspondence between 
twisted actions and regular, saturated Fell bundles. Given a twisted action (/3, lu) of 
S on a C*-algebra B, we have constructed above a regular, saturated Fell bundle B. 
Moreover, the original twisted action (f3,uj) can be recovered from the Fell bundle 
B using the unitary multipliers v s — 1 SS »S S G M(B S ) defined by Equation (|4.15|l . 
More precisely starting with B and the unitary multipliers v s , and proceeding as 
in Section |3f we get a twisted action (f3,uj) of S on the C*-algebra C*(£), where 
£ = {B e } e£ E is the restriction of B to E = E(S). The C*-algebra B e = V e 6 e is 
canonically isomorphic to the ideal T> e C B and the sum of these ideals is dense 
in B. By Proposition 4.3 in [9], this yields a canonical isomorphism C*(£) = B 
extending the isomorphisms B e =V e . Under these isomorphisms, f3 s : B s * s — > B ss * 
corresponds to /3 S : V s * s — > V ss * and the unitary multipliers uj(s,t) G UM.(B s tt* s *) 
correspond to uj(s,t) G UM{V st ) = U M(T> s tt> s*) ■ In fact, first note that (by 
Equation 14. 9} ) 

v* = (l ss *6 s )*=w{s*,s)*S s * =w(s*,s)*l s , s( 5 s , =uj( s *, s yv s , G M(B S .). 

Thus, using Lemma l4.6l|viii|l . we get 

p s (a5 S ' S ) = v s ■ aS s * s ■ v* = (1 SS *5 S ) ■ (a5 s * s ) ■ (uj(s* , s)*8 s » ) 

= W s (a)5 s ) ■ (u>(s*,s)*5 s .) = p s (au(s*, S y)u>(s,s*)6 ss . 
= /3 s (a)uj(s, s*)*u>(s, s*)S ss * = f3 s (a)5 ss * . 
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and (using that (3 s (l s * s l e ) = l ses * for all e G E(S)) 

U)(s,t) = V s U t U* t = {lss'Ss) ■ (UfSt) ■ (lstt's*$st) 

= (p s (/3-\l ss .)l tt *Ms,t)S st ) ■ («(tV,*i)*W) 

= ^ t (p- t \u}(s,t))u(t*s*,st)*)u(st,t*s*)S stt , s , 

= w(s, t)u(st, t*s*)*w(st, t*s*)S stt 's' = w(s, t)5 st t*s* ■ 

This shows that the twisted action (/?, w) of 5 on C*(£) is isomorphic to the twisted 
action (/3, w) of 5 on B. Now let us assume that (/3, w) already comes from a regular, 
saturated Fell bundle „4 = {„4 s } se s as in Section[3]for some family u = {u s } se s oi 
unitary multipliers u s £ Ai(A s ) with u e — l e for all e £ E(S). In other words, we 
are assuming that f3 s (a) = u s au* and w(s, t) = u s u t u* t . Then it is not difficult to see 
that the map B — > A given on the fibers B s — > A s by aS s i— > aw s is an isomorphism 
of Fell bundles B = A. Moreover, under this isomorphism, the unitary multiplier 
v s £ M(B S ) corresponds to u s £ M{A S ). All this together essentially proves the 
following result: 

Corollary 4.16. There is a bijective correspondence between isomorphism classes 
of twisted actions of S and isomorphism classes of pairs (A,u) consisting 

of regular, saturated Fell bundles A over S and families u — {u s } s6 5 of unitary 
multipliers u s £ A4(A S ) satisfying u e = l e for all e £ E(S). 

An isomorphism of pairs (£>, v) = (A, u) has the obvious meaning: it is an 
isomorphism B = A of the Fell bundles under which v s £ M.{B S ) corresponds to 
u s £ M{A S ) for all s £ S. 

As already observed in Section [2 imprimitivity bimodules over cr-unital stable 
C*-algebras are automatically regular. This immediately implies the following: 

Corollary 4.17. Let A — {A s } s ^s be a saturated Fell bundle for which all the 
fibers A e with e £ E(S) are a-unital and stable. Then A is isomorphic to a Fell 
bundle associated to some twisted action of S . 

Remark 4.18. Let £ be the restriction of A to E(T). If B — C*(£) is stable, then 
so are the fibers A e for all e £ E(S) because each A e may be viewed as an ideal 
of B. The converse is not clear and is related to Question 2.6 proposed in [22] of 
whether the sum of stable ideals in a C*-algebra is again stable. 

5. Relation to Sieben's twisted actions 

In this section we are going to see that our notion of twisted action generalizes 
Sieben's definition appearing in |23j. 

Proposition 5.1. Let S be an inverse semigroup, let B be a C* -algebra, and 
consider the data ({2? s } se 5, {/3 s } se s, {uj(s, t)} Sit es) satisfying (0) and (jnj) as in 
Definition \4.1\ and in addition assume that 

(5.2) w(s, e) = l se and uj(e, s) = l es for all s £ S and e £ E(S). 

Then ({V s } ses , {/3 s } ses , {«(*, t)}»,te s ) is a twisted action of S on B. 

Proof. If 15. 2|) holds, then axiom (ITTTf) in Definition 14.11 is trivially satisfied. And 
axiom (|Tvf) will follow from the following relation: 

(5.3) w(s*, s)l s » es = uj(s*e, s) = u(s*,es) 
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for all s G S and e € E(S). This is a consequence of properties (i) and (j) of 
Lemma 2.3 in |23|. Now, the first equation in (|5.3I) immediately implies (|rvTl in 
Definition 14. II because w(s*,e) = l s * e = l s *es- D 

Definition 5.4. A twisted action ((3, u) satisfying Sieben's condition (|5.2|) is called 
a Sieben's twisted action (see [231 Definition 2.2]). 

The following result gives conditions on a twisted action coming from a regular 
Fell bundle to be a Sieben's twisted action. 

Proposition 5.5. Let A = {A s } s ^s be a concrete, saturated, regular Fell bundle 
in C(H). Given s G S, let u s G C(~H) be a partial isometry strictly associated to the 
ternary ring of operators A s such that u e — l e for all e G E(S). Given s, t G S, we 
write w(s,t) '■— u s utu* t . Then the following assertions are equivalent: 

(i) to(s, e) = l se for all s € S and e G E(S); 

(ii) u s u e — u se for all s G S and e G E(S); 

(Hi) u r x = u s x for all r,seS with r < s and x G A r * r ; 

(iv) u r < u s (as partial isometries of C(Ti)) for all r,s£S with r < s; 

(v) yu r = yu s for all r,s G S with r < s and y G A rr * ; 

(vi) u e u s = u es for all s G S and e G E(S); 

(vii) w(e, s) — l es for all s G S and e G E(S); 

Proof. Given s,t G S, note that u s u t is associated to A s t because 

u s u t Af S 'st = u s u t AtA s >st = UsAwAs'st = u s A s * st = u s A s * s At = A s A t = A st 

and similarly A s tfs-*u s u t = A s t- Moreover u s Ut is strictly associated to A s t be- 
cause (u s Ut)* (u s Ut) = ulu*u s u t = ulu s * s Ut = lf S *st (see Remark 15.61 and Propo- 
sition ■ Thus, we may view both u s ut and u s t as unitary multipliers of the 
Hilbert bimodule A s t- The equation uj(s,t) = l st is the same as u s u t u* t = l st 
which is equivalent to u s utlt*s*st = Ust because u* t u s t — lt*s*st and l s tu s t = Ust- 
Moreover, since u s u t is a multiplier of A s t, we have u s Utlt*s»st — u s Ut- Therefore 
the equation uj(s,t) — l s t is equivalent to u s u t — u st . From this we see that (i) is 
equivalent to (ii) and (vi) is equivalent to (vii). Now, if r < s in S, then r = se for 
e = r*r. Assuming (ii) and remembering that u e = l e , we get 

u s x = u s u e x — u se x — u r x for all x G Ar*r- 

Thus (ii) implies (iii). Conversely, if s G S and e G E(S), and if we apply (iii) for 
r = se, then we get u se x — u r x = u s x = u s u e x for all x G A r * r = A s * se — A s * s A e . 
This implies that u se — u s u e because both u se and u s u e are multipliers of A se - 
Hence (ii) is equivalent to (iii). In the same way one can prove that (v) is equivalent 
to (vi). Finally, condition (iv) is equivalent to whenever 
r < s in S. Applying this for r = se for some fixed e G E(S), and using that 
u r * r = u s * se = u s * s u e and u s u s * s — u s , we get condition (ii). Conversely, it is 
easy to see that (ii) implies (iv). Similarly, observing that (iv) is equivalent to 
for all r < s, one proves that (iv) is equivalent to (vi). □ 

Remark 5.6. Let notation be as in Proposition 15.51 Observe that the family of 
partial isometries {u s } sS s generates an inverse semigroup I under the product and 
involution of C{H). Recall that the product uv of two partial isometries u, v G C(H) 
is again a partial isometry provided u*u and vv* commute. This happens for the 
partial isometries {u s } se s because u*u s = 1 S * S! u s u* = u ss * and l e l/ = l e / = 
lf e — l/l e for all e, / G E(S). Thus the product u s Ut is a partial isometry for all 
s, t G S. Moreover, any finite product involving the partial isometries {m s } s gs and 
their adjoints {u*} s6 s is again a partial isometry. The idea is that for any such 
product u, say, we have u*u — l e and uu* = 1/ for some e, / G E(S), and as we 
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already said, l e and 1/ commute. For example, to prove that u r u s Ut is a partial 
isometry, one observes that (u r u s )* (u r u s ) commutes with u t u$ — l tt * . In fact, note 
that 

(u r u s )* (u r u s ) = U*U*U r U s — u*l r * r u s 
and for every e £ E(S), we have u*l e u s = l s » es because, for all x £ T> s *es = 
As>es = A S 'Aes we have u s x £ u s A s *A es = A as *A ea = A es = A e A s , so that 

U g 1 g U g X — ttgUigX — X^*g2j - — - X . 

where in last equation we have used that T> s * es C V s * s because s*es < s*s. More 
generally, one can prove that 

[Usi • • • ^S n ) (^Sl ■ ■ • S n ) — ...S*8l...8 n • 

The inequality appearing in Proposition l5.5ljTvj) can be interpreted as the order 
relation of X. This justifies the argument at the end of the proof of Proposition l5.5l 
where we have used that for s < t in S, we have u s < u t if and only if u s = u t u*u s 
if and only if u s = u s u*u t . 

Note that the cocycles ui(s,t) belong to the inverse semigroup X. Moreover, if 
the partial isometries {m s } s6 s satisfy the equivalent conditions (jj-jviij) of Proposi- 
tion !5.5l then the cocycles {w(s, t)} Site s satisfy 

(5.7) uj(s,t) <uj(s',t') for all s,s',t,t' £ S with s < s' and t < t' . 

Here we view the unitaries ui(s,t) and uj(s',t') as elements of I in order to give a 
meaning to the inequality l|5.7(l . Note that this follows directly from condition i|rv|) 
in Proposition 15.51 because the product and the involution in X preserve the order 
relation. As in Proposition 15. 51 condition l|5.7(l can be also rewritten as 

w(s, t)x — u>(s , t')x for all s, s' , t,t £ S with s < s 1 and t <t and x £ T> s t, 

or equivalently as 

xlv(s, t) = xlj{s , t') for all s, s' , t,t £ S with s < s 1 and t <t and x £ £>,^. 

6. Representations and crossed products 

In this section we prove that the correspondence between regular Fell bundles 
and twisted actions obtained in the previous sections extends to the level of repre- 
sentations and yields an isomorphism of the associated universal C*-algebras. 

We start recalling the definition of representations of Fell bundles (see [9]): 

Definition 6.1. Let A = {A s } s es be a Fell bundles over an inverse semigroup S. 
A representation of A on a Hilbert space H is a family n = {tt s } s ^s of linear maps 
ir s : A s — > C-(H) satisfying 

(i) ■n s (a)iTt{b) = ir st (ab) and 7r s (a)* = ir s *(a*) for all s,t £ S, a £ A s , b £ At; 

(ii) Ttt{jt,s{o)) = 7Ts(a) for all s,t £ S with s < t and a £ A s . Recall that 
jt t s : A s — > At denotes the inclusion maps as in Definition l3.ll 

We usually view a representation of A as a map tt : A — >• C{T-L) whose restriction to 
A s gives the maps 7r s satisfying the conditions above. 

Next, we need a notion of covariant representation for twisted crossed products. 
It turns out that, although our definition of twisted action is more general than 
Sieben's one (see Section |5j), the notion of representation still remains the same 
(see |23| Definition 3.2]): 

Definition 6.2. Let (/3,w) be a twisted action of an inverse semigroup S on a 
C*-algebra B. A covariant representation of (/3,w) on a Hilbert space % is a pair 
(p,v) consisting of a *-homomorphism p: B — > C(H) and a family v = {i> s } s es of 
partial isometries v s £ £(%) satisfying 
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(i) p(f3 8 (b)) = v s p(b)v* s for all ssS and b £ B; 

(ii) p(u)(s,t)) = v s vtv* t for all s,t € S; and 

(iii) = p(l s » s ) and = p(l ss *)- 

Recall that l e denotes the unit of the multiplier algebra of V e = dom(/3 e ) for all 
e £ E(S). The third condition above is equivalent to the requirements p(D s * a )H = 
v*v s H and p(T> ss *)H — v s v*H. In both axioms (ii) and (iii) above we have tacitly 
extended p to the enveloping von Neumann algebra B" of B in order to give a 
meaning to p(uj(s,t)) and p(l e ). 

To each notion of representation is attached a universal C* -algebra which encodes 
all the representations. In the case of a Fell bundle A, it is the so called (full) cross- 
sectional C* -algebra C*(A) defined in |9]. For a twisted action (B, S, /3,w), the (full) 
crossed product B x^, w S defined in [23j can still be used although our definition 
of twisted action is more general. Our aim in this section is to relate these notions 
when A is the Fell bundle associated to (B, S, f3, u) as in the previous sections. 

Theorem 6.3. Let (/3,w) be a twisted action of and inverse semigroup S on a 
C* -algebra B, and let A = {A s } s es be the associated Fell bundle as in Section ^| 
Then there is a bijective correspondence between covariant representations of (/3, u>) 
and representations of A. Moreover, there exists an isomorphism B x p >u S = 
C*{A). 

Proof. Recall that the fiber A s = T) S 8 S is a copy of V s — T> ss * — ran(/3 s ). During 
the proof we write u s for the unitary multiplier 1 SS .<5 S £ M{A S ) (here A s is viewed 
as an imprimitivity Hilbert A ss * , A s « s -bimodule). With this notation, we have 
A s = T> ss *u s for all s £ S. In particular, A e = T> e 8 e = T> e as C*-algebras and 
this induces an isomorphism C*{£) = B, where £ is the restriction of A to E(S). 
Moreover, as we have seen in the previous section, the unitaries u s can be used to 
recover the twisted action (f3,u>) through the formulas: 

(6.4) @ s (b)5 ss * =u s (bd s * s )u* s , 

(6.5) u(s,t)6 stt * s * = u s utu* st . 

Let 7r: A — >• C(H) be a representation of A. This representation integrates to a 
*-homomorphism tt: C*(A) — > C((H). We may view the fiber A e for e £ E(S) and 
C*(£) as subalgebras of C*(A). By restriction of 7r to C*(£), we get a *-homomor- 
phism p from B = C*(£) into C(H) which is characterized by 

p(b) = TribSe) whenever e £ E(S) and b £ T> e . 

By Proposition 12.71 the unitary multipliers u s may be viewed as elements of the 
enveloping von Neumann algebra A" of A :— C*(A). Considering the unique 
weakly continuous extension of tt to A" (and still using the same notation for it), 
we define the partial isometries v s := 7r(u s ) £ C(T-l). The pair (p, v) is a covariant 
representation of (P,oj). In fact, using Equation (|6.4|l . we get 

p(fi,(b)) = Tr(p s (b)5 ss .) = K(u s (b5 s * s )u* s ) 

= TT(u s )TT(bS s * s )n(u s )* = v s p(b)vl 

for all s £ S and b £ V s * s . Since the ideals T> e C B span a dense subspace of B, 
this proves ijij in Definition 16.21 Definition I6.2lju|) follows in the same way using 
Equation l|6.5(l : 

p(uj(s,t)) = n(u)(s,t)5 stt * s *) = fr(u s u t u* t ) = 7r(u s )7r(u t )7r(M st )* = v s v t v* st . 

Since u* s u s — 1 S * S <5 S * S and u s u* s — 1 SS *8 SS *, axiom (fTTTf) in Definition 16.21 also follows 
easily. Hence we have a map tt i-> (p, v) from the set of representations of A on T~L 
to the set of covariant representation of (P,uj) on H. 
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Conversely, let us now start with a covariant representation (p, v) of (/3, uj) on %. 
Then we can define it: A — > C(T-L) by n(aS s ) p(a)v s for all s € S and a € T> ss *. 
Before we prove that 7r is a representation of A, observe that v e = 7r(l e ) for all 
e € -B(S') (see proof of Proposition 3.5 in |23j) so that v*v s — p(l s » s ) = v S ' S and 
u s V* = p(l ss ») = v ss * for all s6S. By Lemma 14 . 6lfvrjl . we have 

w.pC/SrHo)) = «.p(w(«*,*))*p(A- (a))p(w(«*. «)) 

= u s t; s * s «*t;*»« s »p(a)u*.« s *u s t; s . s = p(a)w s = 7r(a5 s ). 

Thus, for all s,t € S, a £ T> ss * and 6 S X> tt . , 

7r((a<5 s ) • (bS t )) = 7r(/3 s (/3 s - 1 (a)6) W ( S ,i),5 sf ) 

= p(/3 s (/3; 1 (a)6))p( W ( S ,i)Kt 

= VsP(P7 1 ( a ))p(b)v* s VsV t v* t v st 

= v s p(l3~ 1 (a))p(b)v t = ir(a5 s )ir(b5 t ). 

Similarly, 

7z{{a5 s y) =*{p- 1 {a*)u{ s *, s y5 s «) = P {p-\a*))p{oj{s* ,s)*)v a , 

= p(fia 1 {a*)){v B .v a v a * a )*v a . = p{Pj 1 {a*))v* s 

= v*p(a*)v s v* = (p(a)v s )* = w(aS s )*. 

This proves axiom (0 in Definition O To prove Definition I6.H|?i|) . take s,t E S 
with s < t and a 6 D s . s . Note that 

V s * s V* t V t = p(l s * s )p(l{»t) = P(ls*sft) = P(1 S * S ) = U S »s- 

Hence 

7r(it, s (a)) = 7r(acj(t, s*s)*<5 t ) = p(au(t, s*s)*)v t = p(a)(v t v s ^ s v^ sts )*v t 

= p(a)v a v a * a vlvt = p(a)v a v a , a = p(a)v s = n(a). 

Therefore it is a representation of A on TL. It is not difficult to see that the as- 
signments 7r i — ^ {p, v) and (p, w) M> 7r between representations n of A and covariant 
representations (p, v) of (/3, w) are inverse to each other and hence give the desired 
bijective correspondence as in the assertion. The isomorphism B S = C*(A) 
now follows from the universal properties of B X/3, w S and C*(A) with respect to 
(covariant) representations (see |9ll23| for details). □ 

In [9] the second named author also defines the reduced cross-sectional algebra 
C*{A) of a Fell bundle A. It is the image of C*(A) by (the integrated form of) a 
certain special representation of A, the so called regular representation of A. Using 
Theorem 16.31 we can now also define reduced crossed products for twisted actions 
(this was not defined in |23|): 

Definition 6.6. Let (B,S,f3,tu) be a twisted action and let A be the associated 
Fell bundle. Let A denote the regular representation of A as defined in |9j Sec- 
tion 8]. The regular covariant representation of (B,S,f3,uj) is the representation 
(\,v) corresponding to A as in Theorem 16.31 The reduced crossed product is 

B S :=\-x v(B S), 

where A » v is the integrated form of (A, v) defined in [231 Definition 3.6]. 



Notice that, by definition, we have a canonical isomorphism 
(6.7) B^S = C*{A). 
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7. Relation to twisted groupoids 

Let Q be a locally compact etale groupoid with unit space X = (see 
^2EH20| f° r further details on etale groupoids). Recall that a twist over Q is a 
topological groupoid E that fits into a groupoid extension of the form 

(7.1) TxI^E^C;. 

The pair (Q, E) is then called a twisted Stale groupoid. We refer the reader to 
|4l ll5ll2l] for more details. Twists over Q can be alternatively described as prin- 
cipal circle bundles (these are the T-groupoids defined in 15, Section 2]) and the 
classical passage to (complex) line bundles enables us to view twists over Q as Fell 
line bundles over Q, that is, (locally trivial) one-dimensional Fell bundles over the 
groupoid Q in the sense of Kumjian |13|. 

As we have seen in 3 there is a correspondence between twisted etale groupoids 
and semi-abelian saturated Fell bundles over inverse semigroups, that is, saturated 
Fell bundles A — {A S } S £S for which A e is an abelian C*-algebra for all e G E(S). 
This enables us to apply our previous results and describe twisted etale groupoids 
from the point of view of twisted actions of inverse semigroups on abelian C*-alge- 
bras (compare with |171 Theorem 3.3.1], |181 Theorem 8.1] and [8] Theorem 9.9]): 

Theorem 7.2. Given a twisted etale groupoid (Q, E) ; there is an inverse semigroup 
S consisting of bisections ofQ and a twisted action (/?,w) of S on Cq^G^) such that 
the (reduced) groupoid C* -algebra C*(C?,S) is isomorphic to the (reduced) crossed 
product Cq{Q^) x« w S. Conversely, if (/3,uj) is a twisted action of an inverse 
semigroup S on a commutative C* -algebra Cq(X) for some locally compact Haus- 
dorff space X, then there is a twisted etale groupoid (Q, E) with — X such that 
C*(S,E)=C (X) x^S. 

If in addition, the groupoid Q is Hausdorff or second countable, then we also 
have an isomorphism of full C* -algebras C*(Q, E) = Cq(X) xi^, w S. 

Proof. Let (Q, E) be a twisted etale groupoid and let L be the associated Fell line 
bundle over Q. Recall that an open subset s C Q is a bisection (also called slice 
in [8]) if the restrictions of the source and range maps d, r: Q — > to s are 
homeomorphisms onto their images. The set S(Q) of all bisections of Q forms an 
inverse semigroup with respect to the product st :— {aft : a G s, ft G t, d(a) = r( / 9)} 
and the involution s* := {a^ 1 : a G s} (see 8 ). Given s 6 S(Q), let L s be the 
restriction of L to s. Let S be the subset of S(G) consisting of all bisections 
s £ S(Q) for which the line bundle L s is trivial. If L s and L t are trivial, then so are 
L st and L s * because the (convolution) product £-77 (defined by (£-77X7) := £(a)r)([3) 
whenever 7 = a/3 6 st) is a unitary section of L st provided £ and rj are unitary 
sections of L s and L t , respectively (note that in a Fell line bundle L, we have 
||a6|| = ||a||||6|| for all a, b e L); and the involution ^(7) := £(7 -1 )* also provides 
a bijective correspondence between unitary sections of L s and L s » . Thus S is an 
inverse sub-semigroup of S{Q). Since L is locally trivial, S is a covering for Q and 
we obviously have s n t £ S for s,t 6 S. In particular, S is wide in the sense of 
3, Definition 2.14], that is, it satisfies the condition: 

(7.3) for all s,t € S and 7 € s n t, there is r G S such that 7 G r C s n t. 

This condition also appears in Proposition 5.4.ii]. For each s G S, we define A s 
to be the space Cq{L s ) of continuous sections of L s vanishing at infinity. Then, with 
respect to the (convolution) product and the involution of sections defined above, 
the family A = {A s } s es is a saturated Fell bundle over S (see j3j Example 2.11] 
for details). Moreover, by Proposition 12. 121 the Hilbert Co (ss*), Co (s*s)-bimodule 
A s = Cq(L s ) is regular because L is trivial over every s G S. Thus A is a saturated, 
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regular Fell bundle. By our construction in Section [3] A gives rise to a twisted 
action (/3, to) of S on B = C*(8), where 8 is the restriction of A to E(S). Observe 
that E(S) is a covering for and since L is trivial over C/(°) (because it is 
a one-dimensional continuous C*-bundle) we have Co(L e ) = Co(e) for every e G 
E(S) (note that e C gW). This implies that 5 = C (5 (0) ) by an application 
of Proposition 4.3 in |9]. By Theorem 16.31 and Equation (|6.7|) . we have canonical 
isomorphisms Co(5 (0) ) Mp, u S ^ C*(.4) and C (e (0) ) x^S C r *(A). Moreover, by 
Theorem 4.11], C*(.A) C r *(a, S) and by (3 Proposition 2.18], C (£ (0) ) X^S = 
C*(.4) provided 5 is Hausdorff or second countable. 

Conversely, starting with a twisted action ((3,uj) of an inverse semigroup 5 on a 
commutative C*-algebra Co(X), let A = {A s } s gS be the associated Fell bundle as in 
Section^] Then A is saturated and semi-abelian, so the construction in |3l Section 3] 
provides a twisted etale groupoid (g, S) with g^ — X together with isomorphisms 
C*(g, S) = C*(A) = C (a (0) ) M^ )W 5 again by 3, Theorem 4.11] and EauationIO 

and if g is Hausdorff or second countable then C*(g, S) = C*(A) = C (5 (0) ) x^S 
by |3 Proposition 3.40], |3 Proposition 2.18] and Theorem^ □ 

We shall next study the question of whether or not the twisted action constructed 
from a twisted groupoid as above satisfies Sieben's condition (see Definition 15. 4|) . 

Proposition 7.4. Let (g, E) be a twisted groupoid and let (Co^ * 1 ) , S, /3, lo) be a 
twisted action associated to (g, S) as in Theorem \7.2l Then the cocycles uj(s,t) can 
be chosen to satisfy Sieben's condition (|4.4p if and only if the twist X is topologically 
trivial (that is, E = Tx? as circle bundles) or, equivalently, if the Fell line bundle 
L associated to (£7, E) is topologically trivial (that is, L = C x g as complex line 
bundles). 

Proof. We shall use the same notation as in the proof of Theorem l7.2l By definition, 
(f3, uj) is the twisted action associated to the regular Fell bundles A as in Section|3| 
Thus, the cocycles uj(s, t) are given by u s utu* st for a certain choice of unitary multi- 
pliers u s of A s = Cq(L s ). Since M(Co(L s )) = Cb(L s ), u s may be viewed as a unitary 
section of L s . Suppose the cocycles oj(s, t) satisfy (|4.4|l . We are going to prove that 
L is topologically trivial, that is, that there is a global continuous unitary section 
of L. By Proposition 15.51 the family {u s } s e5 of unitary sections satisfy u s < u t 
whenever s,fe S with s <t. This means that u s is the restriction of Ut whenever 
sC( (this is the order relation of S C S(g)). Now if s,t are arbitrary elements of 
S, the sections u s and Ut have to coincide on the intersection s n t. If fact, since S 
satisfies <|7.3(l . given 7 e s n t, there is r G S such that 7 e r C s n t. Hence r C s 
and r C t, so that u s ("f) = u r ("f) — ut("/). Thus the map u: g — ^ L defined by 

14(7) := u s (7) whenever s is an element of S containing 7 G 5 

is a well-defined continuous unitary section of L and therefore L is topologically 
trivial. Conversely, if L is topologically trivial and u : g — > L is a continuous unitary 
section, then we may take u s to be the restriction of u to the bisection s C g. In 
this way u s is the restriction of ut whenever s C t. Again by Proposition 15.51 the 
cocycles w(s,i) = u s u t u* t satisfy Sieben's condition H4.4|> . □ 

It is well-known (see ^jj Section 2]) that the topologically trivial twists are 
exactly those associated to a 2-cocycle t: Cj( 2 ' — > T in the sense of Renault |20| . 
Moreover, by Example 2.1 in ^5] there are twisted groupoids that are not topolog- 
ically trivial. This example shows that Sieben's condition (|5.2|) cannot be expected 
to hold in general and therefore our notion of twisted action (Definition ^Tj prop- 
erly generalizes Sieben's j23j Definition 2.2]. 
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In what follows we briefly describe the twists associated to 2-cocycles and relate 
them to our cocycles u>(s,t). Let r: G^ -4Tbea 2-cocycle. Recall that r satisfies 
the cocycle condition 

r(a, /3)r(a/3, 7) - r([3, 7 )r(a, fa) for all (a, /3), (fi, 7) G G {2) . 

It is interesting to observe the similarity of this condition with our cocycle condition 
appearing in Definition 14. llfTTf) . In addition, we also assume that the 2-cocycle r is 
normalized in the sense that (compare with Definition 14. llfTTTf) ) 

r(a, d(a)) = r(r(a),a) = 1 for all a eQ. 

Given a 2-cocycle r on Q as above, the associated twisted groupoid (G, E) is defined 
as follows. Topologically, E is the trivial circle bundle T X Q. And the operations 
are defined by 

(7.5) (A, a) • (a, /3) = (A//r(a, /3), a/3) for all A,/ieT and (a, /3) e £ (2) 

(7.6) (A,a) _1 = (A7[aFV*), a" 1 ) for all A G T and a G 

In this way, E is a topological groupoid and the trivial maps Tx(?' ' E and E -» 
G give us a groupoid extension as in Il7.ll) . The twisted groupoid (G, E) corresponds 
to the (topologically trivial) Fell line bundle L = C x G with algebraic operations 
of multiplication and involution given by the same formulas as in equations (|7.5|) 
and l|7.6|) (only replacing T by C and the inversion _1 on the left hand side of (|7.6|) 
by the involution * sign). 

Proposition 7.7. Let (G, E) be the twisted groupoid associated to a 2-cocycle r on 
G as above, and let (Co (G^) , S, (3, uj) be the twisted action associated to (G, E) as in 
Theorem 1 7. S\ through the unitary sections u s of L s =C x s given by ^^(7) = (1,7) 
for all 7 G s. Then 

(7.8) &(a)(r( 7 )) = a(d( 7 )) and u( 8 , t)(r(a0)) = r(a, p) 

for all s,t G S , a G Cq(s*s), a, 7 G s and /3 G i wti/i d(a) = r(/3). 

Proo/. Note that dom(/3 s ) = X> s * s = C a (s*s) and ran(/3 s ) = P ss » = C (ss*). Us- 
ing the definitions i|7.5(l and (|7.6() and the (easily verified) relation t( 7 _1 , 7 ) = 
r( 7 , 7 ~ 1 ), and using the canonical identification Cq(L s * s ) = Cq(s*s) to view a as a 
continuous section of L s * s , we get 

A(a)(r( 7 )) = Ka<)( 7 d( 7 ) 7 - 1 ) = u.( 7 ) • a(d( 7 )) • ^ s ( 7 )* 
= (l, 7 )-(a(d( 7 )),d( 7 ))-(l, 7 )* 

= (a(d( 7 )M 7 ,d( 7 )), 7 ) • (r^- 1 ,^^ -1 ) 

= (a(d( 7 ))r( 7 -i, 7 )r( 7 , 7 - 1 ),d( 7 )) = a(d( 7 )). 

To yield the relation between the cocycles u>(s,t) and r(a,/3), first observe that 
w(s, t) is a unitary element of Ch(stt*s*) = Co(L st t* s *), that is, a continuous function 
uj(s,t): stt*s* —> T. Now, since s,t are bisections, every element of stt*s* can be 
uniquely written as a/?/3 _1 a _1 = r(a/3) for a G s and /3 E t. Thus 

w(s,i)(r(a/3)) = (-UsWtw^Xa/?/? -1 ^ 1 ) 
= u s (a) • ut(/3) • w s t(a/3)* 
= (l,a)-(l,/3)-(l,a/3)* 
= (r(a, /3), a/3) • (r( (a/3)" 1 , a/3), (a/3)" 1 ) 
= (r(a, /3)T((a/3)-! , a/3)r(a/3, (a/3) -1 ), a/^aT 1 ) 
= (r(a,/3),r(a/3)) =r(a,/3). □ 



28 



ALCIDES BUSS AND RUY EXEL 



Summarizing the results of this section, we have seen how to describe twisted 
etale groupoids in terms of inverse semigroup twisted actions. While the 2-cocycles 
on groupoids can only describe topologically trivial twisted groupoids, our twists 
have not such a limitation and allow us to describe arbitrary twisted etale groupoids. 
As we have seen above, the topologically trivial twisted etale groupoids essentially 
correspond to Sieben's twisted actions, a special case of our theory. 

8. Refinements of Fell bundles 

In this section, we introduce a notion of refinement for Fell bundles and prove 
that several constructions from Fell bundles, including cross-sectional C*-algebras 
and twisted groupoids (in the semi-abelian case), are preserved under refinements. 
Our main point in this section is to prove that locally regular Fell bundles admit a 
regular, saturated refinement. This puts every locally regular Fell bundle into the 
setting of Section [3] and enables us to describe it as a twisted action. 

Definition 8.1. Let S,T be inverse semigroups and let A = {A S } S £S and B = 
{Bt}teT be Fell bundles. A morphism from B to A is a pair (0, 0), where 0: T — > S 
is a semigroup homomorphism, and ip : B — > A is a map satisfying: 

(i) tp(Bt) C A^t) and the restriction ip t : Bt — >• A^ t ) is a linear map; 

(ii) tp respects product and involution: ip(ab) = -0(a)0(&) and ip(a*) = "0(a)*, for 
all a,b G B; 

(iii) tjj commutes with the inclusion maps: whenever t < t' in T, we get a commu- 
tative diagram 

Bt : Bt. 



Vv 



A«t) — - >■ A^(f) 

We say that B is a refinement of A if there is a morphism (0, if)) from B 
to A with cj): T — > S surjective and essentially injective in the sense that 
4>(t) G E(S) implies t G E(T), with ip t : Bt -> A^t) injective for all t G T, and 
such that 



(8.2) A s = J2 for a11 s e S - 

te<t>~ 1 (s) 

Remark 8.3. (1) If B = {Bt}teT is & refinement of^l = via some morphism 

((f), V>), then ip(Bt) is an ideal of A^n) (as ternary rings of operators) for alH G T 
(see comments before Definition 12. 8|) . In fact, it is enough to check that ip(Bf) is 
an ideal of A e for every idempotent / G T with 4>(f) = e. Equation (|8.2|l implies 



A e = ]TV(£ S )- 

<t>(g)=e 

Since <j) is essentially injective, each g G T with <j>(g) = e is necessarily idempotent. 
Hence, 



<p(g)=e 4>(g)=e <P(g)=e 

Given g G £ , (T) with 0(g) = e, we have fg < f. Definition 18. H|m|) yields 
1>(B fg ) = j£M B fg)) = HlfjgiBfg)) ^ 1>{B f ). 
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It follows that xjj(Bf)Ae C ip(Bf). Similarly, A e ip(B f ) Q^(B f ). 

(2) In the realm of (discrete) groups the notion of refinement is not interesting. 
Indeed, if S, T are groups and (f>: T — > S is an essentially injective, surjective homo- 
morphism, then is it is automatically an isomorphism because the only idempotents 
are the group identities. Hence for groups S, T and Fell bundles A and B over S 
and T, respectively, a refinement (</>, ip) from B to A is the same as an isomorphism 
(0, ip): (T,B) ^> (S, A). However, we may have a Fell bundle A — {A S } S £S over 
a group S, and an interesting refinement B — {B t }t£T allowing T to be an inverse 
semigroup. For instance, we are going to prove (Proposition 18. 6|) that every Fell 
bundle admits a saturated refinement and this can, of course, be applied to Fell 
bundle over groups, but one has to allow the refinement itself to be a Fell bundle 
over an inverse semigroup. 

First, we show that refinements preserve the Fell bundle cross-sectional C*-alge- 
bras (see |9| for details on the construction of these algebras). 

Theorem 8.4. Let B = {Bt}t£T be a refinement of {A s } s es through a morphism 
(4>,ip), and let £g and £4 be the restrictions of B and A to the idempotent parts of 
T and S, respectively. Then there is a (unique) isomorphism ^ : C*(B) — > C*(A) 
satisfying ^(b) = ip(b) for all b £ B. Here we view each fiber Bt (resp. A s ) as 
a subspace of C*(B) (resp. C*(A)) via the universal representation. Moreover, \E' 
factors through an isomorphism C*(B) C*(A) and restricts to an isomorphism 
*\:C*(E B )^C*(£ A ) 

Proof. Since (</>, -0) is a morphism from B to A, it induces a (unique) *-homo- 
morphism C*(B) -> C*(A) satisfying *(&) = ip(b) for all b e B. Moreover, 
it also induces a map from Rep(^l) to Rep(£>) (the classes of representations of 
A and B, respectively) that takes ir e Rep(.4) and associates the representation 
7T := 7T o i/> £ Rep(£>). All this holds for any morphism of Fell bundles. Now, 
to prove that the induced map ^ is an isomorphism, we need to use the extra 
properties of refinement. The surjectivity of $ follows from Equation i|8.2(l . In 
fact, this equation implies that ^ has dense image, and since any *-homomorphism 
between C*-algebras has closed image, the surjectivity of * follows. To show that 
$ is injective, it is enough to show that any representation p 6 Rcp(£>) has the form 
p = tt for some representation ir € Rep(^l) (necessarily unique by Equation Ij8.2f> ). 
Given p £ Rep(S) and s £ S, we define 



7T s (b) 



whenever b £ A s is a finite sum of the form 

b= £ i>(bt) 

with all but finitely many non-zero 6t's in Bt- All we have to show is that 7r s is 
well-defined and extends to A s . Since A s is the closure of 6's as above, it is enough 
to show that 



< \\b\\ 



First, note that 



E ^(W 



t,r£(/>^ 1 (s) 
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Given t,s £ 0~ 1 (s), we have 0(t*r) = s*s, and because is essentially injective, 
this implies that t*r is idempotent. Consequently, we may view ^ b^b r 

as an element of C*(£s)- Using |9j Proposition 4.3], it is easy to see that the 
*-homomorphism ^ : C*(B) ~> C*(A) is injective (hence isometric) on C*(£g). 
Therefore, 

\\b\\ 2 = 



E 


> 






E 






t,rg0- 1 (s) 







Thus 7r s is well defined and extends to a (obviously linear) map tt s : A s — > £(Hp). 
Since s is arbitrary, we get a map n: A — > C(H P ) which is easily seen to be a 
representation because p is. And, of course, we have tt = p. This shows that VP 
is injective and, therefore, an isomorphism C*(B) — > C*(A). It is clear that it 
restricts to an isomorphism ^| : C*(£b) — > C*(£jCj- 

Finally, we show that \I> factors through an isomorphism C*(B) —¥ C*(A). First, 
let us recall that the reduced cross-sectional C*-algebra C* (A) is the image of C* (A) 
by the regular representation A^: C*(A) -> C*(A) of A (see Proposition 8.6]), 
which is defined as the direct sum of all GNS-representations associated to states 
<p of C*(A), where tp runs over the set of all pure states of C*(£a) and tp is the 
canonical extension of p as defined in |9| Section 7]. Of course, the same is true for 
the regular representation A B : C*(B) -> C*(B) of B. Since *| : C*(£ B ) -> C*(£ A ) 
is an isomorphism, the assignment if i— > tp o defines a bijective correspondence 
between pure states of C*(£a) and C*(£b)- To prove that ^ factors through an 
isomorphism C* (B) — > C* (A) it is enough to show that the canonical extension of 

tp o coincides with tp o \f, that is, ^ o SI/ = tp oty for all pure states tp of C*(£a). 
Let teT and b E B t . According to Proposition 7.4(i) in |9], we have two cases to 
consider: 

Case 1. Assume there is an idempotent / G E(T) lying in supp(<^ o ^|), the 
support of tp o ty\ (see |9| Definition 7.1]), with / < t. Let e := 0(/) and s := 0(i). 
Note that e < s. Moreover, since "i" : C*(£b) — > C*(£a) is an isomorphism and 
ipo^\ is supported on Bf, it follows that tp is supported on ip(Bf) and hence on A e 
(by [9| Proposition 5.3]) because ip{Bf) is an ideal of A e by Remark IOF 1 ) . This 
implies that if (v,i) is an approximate unit for Bf, then 

hm^VWM) =ptWb))- 

Here use the same notation of [9] and write tp e for the restriction of tp to _4 e and 
tp\ for the canonical extension of tp e to *4 S (see j9] Proposition 6.1]). It follows that 

tp o *](&) = o *|)* (6) = lim(( y 9 o *|)(i«t i ) 

= lim^(^(6)^K)) = Pt(m) = H^(b)) = (p o *)(&). 

Case U. Suppose there is no / G supp(<^ o \ff|) with f < t. In this case, we 

have <p 0^1(6) = by 9, Proposition 7.4(i)]. If, on the other hand, there is no 
e G supp(<p) with e < s := <p(i), then we also have (tp o ^>)(b) = 0. Assume there is 
e G supp((^) such that e < s. Since is surjective, there is g G E(T) with 0(g) = e. 
Since <f)(tg) — se — e, we have G E(T) because is essentially injective. Note 
that tg < t. By assumption, tg ^ supp(^) o \]/|), so that (tp o *f?\)(Bt g ) = {0} by 



E ^ b t b r 
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[9| Proposition 5.5]. Let (vj) be an approximate unit for A e - Then 

(8.5) @o*)(b)=<piy>Q>)) = lim ¥ #(&)v i ). 

j 

By (|8.2(1 . ^4 e is the closed linear span of ip(B g ) with 4>(g) = e. Thus each v £ »4 e 
is a limit of finite sums of the form ^ ip(u n ) with u„ £ 6 ffn , where g n £ E(T) and 
<^(g n ) = e. Since (ip o <f|)(£> tgi J — {0}, we have p(ip(bu n )) = for all n. It follows 
that ip(ip(b)v) = for all v <E A e and hence Equation l|8.5|l yields ((p o V E')(6) = 0. 

Therefore, in any case we have ip o ^\(b) — (p o ^(b) for all b £ S and hence for 
all 6 £ C*(B), and this concludes the proof. □ 

Next, we show that any locally regular Fell bundle admits a regular, saturated 
refinement. 

Proposition 8.6. (a) Every Fell bundle admits a saturated refinement. 

(b) Every locally regular Fell bundle admits a regular, saturated refinement. 

(c) If a Fell bundle admits a regular refinement, then it is locally regular. 

Proof, (a) Let A = {A s } s gS be a Fell bundle over an inverse semigroup S. We may 
assume that A is a concrete Fell bundle in L(H) and the C7*-algebras B = C*(£) 
and A = C*(A) are all realized as operators in £(H) for some Hilbert space %. 
Consider the set Sb of all ternary ring of operators M C C(H) satisfying 

(8.7) MB, BM C M and M*M, MM* C B. 

Note that Sb is an inverse semigroup with respect to the multiplication M ■ N := 
MN = span(MA r ). In fact, first we have to show that the multiplication is well- 
defined. For this, take M, N £ S B - It is easy to see that MN satisfies (|8.7j) . To 
see that MN is again a ternary ring of operators, observe that / = M*M and 
J = NN* are ideals in B, and ideals of any C*-algebra always commute as sets 
{I J = In J = J I). Hence 

(MN) (MN) * [MN) = M(NN*)(M*M)N = M(M*M)(NN*)N = MN. 

Thus MN is a ternary ring of operators. Now, because each M £ Sb is a ternary 
ring of operators, we have MM*M = M and M* = M*MM*. Thus M* is an 
inverse of M in S^. To show the uniqueness of inverses, it suffices to show that 
idempotents commute (see Theorem 3 in ^] Chapter 1]). Let M £ Sb be an idem- 
potent, that is, M 2 = MM = M. We have M* = M*MM* = (M*M)(MM*) = 
(MM*)(M*M) = MM*M*M = MM*M = M. Thus, idempotents of S B have 
the form M*M with M £ 5b, and these commute because they are ideals of B. 
Hence Sb is an inverse semigroup. 

Observe that each M — A s is a ternary ring of operators in £(H) that satisfies 
MB, BM C M and M*M, MM* C B so that A s £ S B - Consider 

T := {(s, M) £ S X S B : M C A s }. 

Note that T is an inverse sub-semigroup of S x Sb and we have a canonical sur- 
jective homomorphism (f>: T — > S given by the projection onto the first coordinate. 
Moreover, <f> is essentially injective. Indeed, suppose that (f>(e, M) = e is idempotent 
in S. Since (e, M) £ T, we have M <Z A e - Thus 

A e M*M C A e A* e M = A e M C M = MM*M C A e M*M. 

Therefore ^M'M = M and because M*M is an ideal of A we have „4 e Af*Af = 
M*M, that is, M = M*M is an idempotent of S^. We conclude that (e, M) is an 
idempotent in T, whence </> is essentially injective. 

Now we define a Fell bundle B — {Bt}teT over T with fibers Bt :— M whenever 
t = (s, M). Notice that the order relation in Sb is just the inclusion, that is, M < N 
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in S B if and only if M C AT. In fact, if M < AT, then M = NM*M C NB C AT. 
And if M CJV, then 

NM*M C NN*M C BM C M = MM*M C NM*M, 

so that NM*M = M, that is, M < N. This allows us to define inclusion maps 
jt'^: £?t — » for £> whenever t < t 1 in T. Of course, the algebraic operations of 
2? are inherited from £(H). With this structure, S is a saturated Fell bundle over 
T. Moreover, by construction, it is a concrete Fell bundle in C(H) and we have 
Bt Q -4?>(*) f° r au t £T. Thus, we get a canonical map ip: B ^ A whose restriction 
to Bt is the inclusion B t A/>(t)- The pair (</>, i/>) is a morphism from B to A and 
through this morphism B is a refinement of A. Therefore every Fell bundle has a 
saturated refinement. 

(b) Now we assume that A is locally regular. Then we redefine Sb of part (a) 
taking only the regular ternary ring of operators M C C(H) satisfying (|8.7|l . If 
M, N are regular ternary ring of operators, there are u G M and v G JV with 
it ~ M and u ~ AT. We have 

uv(MN)*(MN) = uvN*M*MN = u{NN*)(M*M)N 

= u(M*M)(NN*)N = MN. 

Analogously, (MN)(MN)*uv = MN, so that uv ~ MN and therefore MJV is a 
regular ternary ring of operators in C(T~L). It follows that Sb is also an inverse 
semigroup. With the same definition for T, B and (<fi, ip) as above, we get the 
desired regular refinement of A. In fact, by construction, B is a regular, saturated 
Fell bundle which is a refinement of A through the morphism {(j),ip). The only 
non-trivial axiom to be checked is (|8.2|) . But this follows from the definition of 
local regularity. 

(c) If A has a regular refinement B = {Bt}teT via some morphism (cf>,ip), then 
each ijj(Bt) is a regular ideal in A^(t) (see Remark l8.3f l^ and therefore A/>(t) is 
locally regular by l|8.2[l . Since </) is surjective, this shows that is locally regular 
for all s G S, that is, .4 is locally regular. □ 

Observe that Theorem 18.41 and Proposition 18 . 61 enable us to apply our main re- 
sults to every (not necessarily saturated) locally regular Fell bundle A and describe 
their cross-sectional C*-algebras C*(A) and C*{A) as (full or reduced) twisted 
crossed products. 

Remark 8.8. Let A = {A S } S £G be a regular (not necessarily saturated) Fell bundle 
over a (discrete) group G. By Theorem 7.3 in |7|, this corresponds to a twisted 
partial action (a, v) of G on the unit fiber A := A\. On the other hand, applying 
Proposition l8.6l and taking a saturated, regular refinement B — {Bt}teT of A (here 
T is an inverse semigroup), we may describe the same system as a twisted action 
of T. More precisely, by Corollary 14.161 there is a twisted action (j3,w) of T on 
C*{£ B ) = A (by Theorem KQ such that the crossed product A T = C ( * r) (B) 

is (again by Theorem l8.4f> isomorphic to the crossed product A xi'i G = CfJA). 

By the way, it should be also possible to define twisted partial actions of inverse 
semigroups, generalizing at the same time our Definition 14. II of twisted action and 
that of 7, Definition 2.1] for groups. As in our main result fCorollarv l4.16(l . twisted 
partial actions should correspond to regular (not necessarily saturated) Fell bundles. 
However, the (full or reduced) cross-sectional C*-algebra of any such Fell bundle 
can also be described as a (full or reduced) crossed product by some twisted action 
in our sense (again by Theorem 18.41 and Proposition 18. 6|) . This is the reason why 
we have chosen not to consider twisted partial actions. 
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Recall from [3] that a Fell bundle A — {A S } S £S is called semi-abelian if the fibers 
A e are commutative C7*-algebras for every idempotent e G S. 

Corollary 8.9. Every semi-abelian Fell bundle has a regular, saturated [necessarily 
semi-abelian) refinement. 

Proof. By Proposition 12. 91 every semi-abelian Fell bundle is locally regular. Hence 
the assertion follows from Proposition |^6| □ 

In [3] we have shown that there is a close relationship between saturated, semi- 
abelian Fell bundles and twisted etale groupoids, or equivalently, Fell line bundles 
over etale groupoids. The following result shows that the twisted etale groupoids 
associated to semi-abelian Fell bundles are not changed under refinements: 

Proposition 8.10. If B = {Bt}teT is a saturated refinement of a saturated, semi- 
abelian Fell bundle A = {A S } S £S, then the twisted etale groupoids associated to B 
and A as in |3j Section 3.2] are isomorphic. 

Proof. During the proof we shall write (Q, L) and (Q 1 , L') for the twisted groupoids 
associated to B and A, respectively, as constructed in j3j Section 3.2]. Here Q 
and Q' are etale groupoids and L and L' are Fell line bundles over Q and Q' , 
respectively. Let (<f>, ip) be the morphism from B to A that gives B as a refinement 
of A as in Definition 18. II The map ip : B — > A preserves all the algebraic operations 
and inclusion maps of B and A and restricts to an injective map Bt ^ A^u) 
for all t G T . So, we may suppress ip and identify each Bt as a closed subspace 
of A^t). By Theorem 18.41 these inclusions extend to the level of C*-algebras 
yielding an isomorphism C* (B) = C* (A) which restricts to an isomorphism of 
the underlying commutative C*-algebras C*(£b) and C*(£a)- Let us say that 
C*{£b) — C*(A) = Cq{X) for some locally compact space X. Through these 
identifications, Bf C A e Q Cq(X) becomes an inclusion of ideals whenever e G E(S), 
f e E(T) and cj>(f) = e. Moreover, 

(8.11) A e = B f U -= U U ^ 

where U e is the open subset of X that corresponds to the ideal A e Q Co(X), that 
is, A e = Co(U e ). By definition, the Q and Q' are groupoid of germs for certain 
canonical actions 9 and 6' of T and S on X, respectively (see 3, Proposition 3.5] 
for the precise definition). We shall use the same notation as in [3] and write 
elements of Q as equivalence classes [t, x] of pairs (t, x) where t G T and x G 
dom(6* t ) = Uft: and elements of L as equivalence classes [6, t,x] of triples (b,t,x) 
with b G B t and x G dom(fe) = {y G X : {b*b)(y) > 0}. See Section 3.2] for 
further details. Of course, we also use similar notations for elements of Q' and L'. 
Now, consider the maps $ : Q — > Q' and * : L — > L' defined by y] — [4>(t), y] and 
$?[b, t, y] = [tp(b), </>(t), y}. We are going to show that these maps give us the desired 
isomorphism (Q, L) = (Q 1 , L'). It is easy to see that the definition of <I> and ^ do not 
depend on representant choices for the equivalence classes, that is, 4> and ^ are well- 
defined maps. Since 4> is surjective, so is <f>. By O Proposition 3.5], t : lift —> Utt* 
is the union of the partial homeomorphisms Of, with b G Bt defined in 3, Lemma 3.3]. 
Of course, the same holds for the partial homeomorphisms 9' s : U s * s — > U ss * , s G S, 
associated to the Fell bundle A. By (|8.2|) . each 8' s is the union of the partial 
homeomorphisms 9 t with t G (f>^ 1 (s). This implies that "J is surjective. To show 
that $ is injective, suppose that [t,y], [t',y] G Q and [</>(£), y] = [(f>(t'),y] in Q' that 
is, there is e G E(S) such that y G U e and 4>(t)e — <p(t')e. Equation (|8.11|) yields 
/ G E(T) such that y G U f and <f>{f) = e. Thus 4>{t x ) = 4>(t 2 ), where t x = tf 



34 



ALCIDES BUSS AND RUY EXEL 



and t 2 — t'f. Since <fi is essentially injective, g := t\t 2 belongs to E{T). Note that 
tig = ht 2 , where h ■= tit* G E(T). Moreover, 

hh = ht 2 t* 2 t 2 = t 2 t* 2 ht 2 = *a(*a*i)(***a) = ^9*9 = hg- 

Hence tig — t 2 g and since y G Ut*ti nWi*t a and g = 4**2 is idempotent, it follows 
that y £ U g (see proof of |3j Lemma 3.4]). We conclude that tfg = t'fg and 
y G Uf n U g = tifg, so that [t, y] — [t 1 , y\. This shows that $ is injective. We now 
prove that ^ injective. Assume that [ip(b), <fi(t),y] = [^(6'), y] in L', that is, 
there is c, d € £4 sucn that c(y),c'(y) > and ^/)(6)c = tp(b')c'. Equation (|8.11|) 
implies the existence of d,d! G £g with c = if)(d) and c' = ip(d!). Since ip induces 
the isomorphism C*(£g) = C*(f^) = Co(X), we must have d(y),d'(y) > 0. Let 
a := bd and a' := 6'cf. Then a G 23 s , a' G £v for some s, s' G T, and we have 
V>(a) = t^(a'). Note that [a, s, y] = [b, t,y] and [a',s',y] = [6',t', y]. The injectivity 
of ^ will follow if we show that [a, s, y] = [a', s',y]. By definition of refinement, if> is 
injective when restricted to the fibers of B. The only small problem is that a and a' 
might not be in the same fiber. However we may circumvent this problem: suppose 
that a G At and a' G At' ■ Since ip(a) — ip(a'), ^(a) G &${t) and ip(a') G BM t n, 
we must have <p(t) = 4>{t'). Hence y]) = $([*', y]). The (already checked) 
injectivity of $ yields / G E(T) with y E Uf and r := tf = t'f. Now take 
any function a/ G Bf = Co(Uf) with a/(y) > 0. Note that [a,r, y] — [aaf,r,y], 
[a',r',y] — [a'a,f,r,y] and ip( aa f) = ip(a'cif). Since now both aa,f,a'af G B r the 
injectivity of ip r : B r —> Am t ) implies that aa,f = a'af. Therefore [a, t, y] = [a', t' ,y], 
whence the injectivity of follows. 

It is easy to see that $ : Q — > Q' and ^> : L — > L' preserve all the algebraic 
operations involved. Moreover, $ and "J are homeomorphisms: given i £ T and 
an open subset U C Z// t » t , the basic neighborhood 0(t,U) = {[s,y]: y G U} in Q 
(see Equation (3.6) in |3]) is mapped by $ to the basic neighborhood C(s, U) in 
Q', where s — 4>{t) (note that lift Q Us*s)- Moreover, since any U e with e G E(S) 
is the union of {Uf. f G _1 (e)}, the neighborhoods of the form 0(s,U) with 
s = (f>(t) and U an open subset of U t *t, generate the topology of Q' . This implies 
that $ is a homcomorphism. To prove that ^ is a homeomorphism, we apply 
|101 Proposition 11.13.17]. For this it is enough to check that ^ is continuous and 
isometric on the fibers. But, since L and L' are both Fell bundles, the injectivity of 
^ (already checked above) implies that it is isometric. To see that ^ is continuous, 
let us recall from Proposition 3.25] that the topology on L is generated by the 
local sections b[t,y] :— [b, t,y] for b G Bt, and similarly for L' . Now the continuity 
of \l/ follows from the equality ^ o b > — ip(b) o $. 

The bundle projections it: L Q and ir' : L' -» Q' are defined by ir[b, t, y] = 
[t,y] and 7r'[a, s,x] — [s,x]. From this, it is clear that the following diagram is 
commutative: 




v 

Therefore, the pair ($, "J) : (Q, L) — > (Q' , L') is an isomorphism of Fell bundles. □ 

The semi-abelian Fell bundle associated to a twisted etale groupoid as in j3] is 
automatically saturated. On the other hand, if A is a non-saturated, semi-abelian 
Fell bundle, we may apply Corollarv l8.9l to find a saturated, semi-abelian refinement 
B of A and then apply the results of |3] to find the associated twisted etale groupoid 
(g, £). By Theorem l8.4l and Propositions 2.18 and 3.40 in |3], we have isomorphisms 

q r) (^)-q r) (B)-q r) (s,£). 
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For the isomorphism between the full C7*-algebras above it is necessary to assume 
that Q is Hausdorff or second countable because this is part of the hypothesis in 
O Propositions 2.18]. 
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